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IHosicHuTeIbHAA 3alHCKa

IIpakTueckue 3aHATUA CIY)KAaT CBA3YIOIIMM  3BEHOM MEXIY TEOpUEH U
npakTUKOi. OHU HEOOXOAUMBI JJI 3aKPEIJICHUSI TEOPETUUECKUX 3HAHUM, MTOJIYYEHHBIX HA
YpOKaxX TEOPETUYECKOro OOYYEHHs, a TaK K€ JJs MOJYYEHHUS MPAKTUYECKUX 3HAHMI.
IIpakTueckue 3amaHus BBIOJHAKOTCS CTYIEHTOM CaMOCTOSATENIBHO, C IPUMEHEHUEM
3HAHMM M YMEHHMI, MOJYyYEHHBIX HA YPOKaX, a TaK € C UCIOJIb30BAHUEM HEOOXOJIUMBIX
[IOSICHEHUM, IIOJIYYEHHBIX OT IIPENOAAaBaTENsl IIPU BBIIOJIHEHUU IPAKTUYECKOIO 3aJaHMUs.
K mpaktuyeckomMy 3aHATHIO OT CTyJIeHTa TpeOyercs NpeaBapuTeibHas MOJArOTOBKA,
KOTOPYIO OH JOJDKEH MPOBECTH mepeld 3aHATHeM. CHUCOK JIMTepaTypsl U BONPOCHI,
HEOOXOIUMbIE MPHU MOATOTOBKE, CTYACHT MOJy4aeT MEpe]] 3aHSATHEM U3 METOJUYECKUX
PEKOMEHIAIUM K IPAKTUYECKOMY 3aHATHUIO.

[IpakTtuueckue 3agaHusi pa3padOTaHbl B COOTBETCTBUM C yuyeOHOU mporpammoi. B
3aBUCUMOCTH OT COJIEPXKAaHHUS OHU MOIYT BBIIOJIHATHCA CTYACHTAMU HHAUBUIYAJIBHO
Wik (PpOHTANIBHO.

3ayeT Mo KaXJI0M NpakTUYecKol padoTe CTYAEHT MOJIy4yaeT IOocie €€ BBIITOJHEHUS
U MPEAOCTaBJIECHUS B MIEYATHOM WJIM 3JIEKTPOHHOM BUJE, OPOPMIIEHUS OT4YeTa B KOTOPOM
yKa3bIBaeT MOJIYYCHHbIC 3HAHUS U YMEHHS B XOJI€ BBIMIOJIHEHMS MPAKTUUECKONU padoThI, a
TaKX€ OTBETOB Ha BOIPOCHI NPENOAABATENS, €CIM TAaKOBbIE BO3HUKHYT IIPU IPOBEPKE
BBIIIOJITHEHHOT'O 3a1aHUS.



Ilpaxmuueckas paboma Nel
Tema: @yHKUMHU OHOM NEPEMEHHOM U MX CBOMCTBA.
Heab: cdhopmupoBaTh yMeHHE HUCNOJIb30BaTh CBOMCTBA (PYHKIUU IS €€

HCCJICAOBaHMsA, pCIIaTh 3ala4u U YIIPAKHCHUA 110 JITAaHHOM TeMe.

TeopeTnueckue cBeeHUsI K MPAKTUYECKOl padoTe

Ecnu xaxaoMy 2JIeMeHTY X U3 MHOXKecTBa X 10 HEKOTopomy mpasuiy f mocrasien
B COOTBETCTBHUE JIEMEHT Y MHOXKeCTBaY, TO FOBOPST, YTO HA MHOXKECTBE X OIpe/esieHa
(GYHKIIUS CO 3HAYCHUSIMU B MHOKECTBE Y, U 3anuchiBatOT Y=f(X).

MmuoxecTBo X HasbiBaeTcs o0sacThio onpeneiacHus ¢pyukiuu D(f), a MHO)KecTBO Y
— obnacteto 3HaueHui Gpynkuuu E(f).

IIpumep 1. HaiiTu o0nacTh onpeaeneHust yHKIUU

15
Dy=—
)Y X+6
X+6=0
X#—6
D(y) = (~o0;-6) U (-6;)
X+13
Ay=—"——
)Y X2 —7x+12
X+13 X+13

Y= x112 (x=3)(x-4)
x-3#0 x—-4=%0

X#3 x=#4

D(y) = (—o0;3) U (3;4) U(4;0)
3)y=+x*-81

x> -81>0

(x=9)(x+9)>0

D(y) = (—o0;—9]U[9;0)

OcHOBHBIE CBOMCTBA (PYHKITUU:

1. Yernoctp u HedeTHOCTh. DyHKkimsa Y=f(X) Ha3pIBaeTCs 4eTHOM, eciul IS JIFOOBIX
3HaueHui X nu3 obnactu onpeaeneHus f(-x)=f(X), u HaspiBaeTcs HewerHoi, ecmm f(-
X)=-f(X). B npotuBHOM ciyuae ¢ynkmus Y=f(X) HazbBaeTcs (QyHKIUEH 00mIeTro
BUJIA.

Ilpumep 2. Y CTaHOBHUTH YETHOCTH WIJIM HEUYETHOCTH (DyHKITUU.



)y=x>+6

y(=X) :(—x)2 +6=Xx"+6=y(X)

=  @yHKyus uemuas

2)y =sin X+ 2x

y(—x)=sin(-x)+2(—-x) =—sin x—2x =—(sin x+2x) = —y(x)
= ¢yHxyus Heuemmuas

X+ 2
Jy=

x> -16
y(=x) = (—x)+2  —x+2

(-x)’-16 X" 16

= @yukyua obwezco 6uoa

2. Monoronnocts. ®@ynkuus Y=f(X) Ha3wpiBacTcs Bo3pacraromieit (yObiBaroiei) Ha
HEKOTOPOM TMPOMEKYTKe X M3 00JaCTH OMpeAeNieHUs, eciii OONblIeMy 3HAYCHUIO
aprymMeHTa M3 3TOr0 MPOMEKYTKa COOTBETCTBYET Oouiblliee (MEHbIlEE) 3HAUCHHE

byHKIUY.

3. Orpannuennocts. Dyaknus Y=f(X) HasbpIBacTCS OrpaHHMYEHHON HA HEKOTOPOM
IpOMEXYTKe X M3 00JIACTH ONpPENEIEHHUs, €CIIH CYIIECTBYET yucio M>0, Takoe, 4To
|f()|<M mns moboro xe X .

4. Tlepuonnunocts. Dynkiusa Y=f(X) HaszpiBaeTcs mepuoguveckoi ¢ mepuogom 1>0,
eCIIM TS JTF00BIX 3HaUeHu# X u3 ob0aactu onpeaenenus f(x+T)=f(x-T)=f(x).

Ecnu kaknmoMy 3HaYeHUIO 1IEHBI P 3a €IMHHUIY TOBapa MOCTaBJIECHO B COOTBETCTBHE
YHCIIO (] — KOJUYECTBO TOBapa, KOTOPOE MOTPEOUTENIN TOTOBBI KYITUTh M0 TAHHOM 1IeHe 3a
OTIpEJICTICHHBI TPOMEXYTOK BpPEMEHU, TO TOBOPST, YTO 3ajaHa (YHKUIUS CIpoca, U

iyt g=f(p).
Ora (QyHKIMS OIpeieNeHa Il TeX 3HAaueHHH p>0, mwii Koropelx f(p)>0 wu

MHOECTBO €€ 3Ha4YeHUM q>0.
I'padux dpyHKIIMM CcTIpoca HAa3BIBAIOT KPUBOH CITpOCa.

Ilpumep 3. ®yHKIHMA CIPOCa HA HEKOTOPBIA TOBAap MMEET BHA (=60—,/100+p, Tae ( —

KOJIMYECTBO TOBapa (ThIC. IIT.); P — IIEHa ¢AMHUIIBI TOBapa (pyo0.). Tpebyercs HalTH:
e OOGrnacTh ONpeAeICHUS U MHOXECTBO 3HAUCHUH 3TON (HYHKIIUU
e ®dyukuuio ueHsl B Buae p= f(q)
e OOneM crmpoca mpu 1ieHax Ha Toap: p, =300; p, =800
e lleny 3a equHuily TOBapa, eciu ¢, =10;q, =15,
e Bripyuky npo/1aBIiOB B KaXJI0M U3 3TUX CIIy4aeB.

Pewenue: 1) Ilonyuum cucteMy HEpaBEHCTB:



p>0 p=>0 p=>0 p>0
100+ p>0 = p>-100 = p>-100 = <p=>-100= 0< p<3500

60—/100+ p >0 J100+ p <60 100+ p <3600 p <3500
D( f)=[0;3500]
Beipasum 3Hauenue p gepes Q:
4/100+ p=60-q
100+ p=(60-q)°
100+ p = 3600-120q +q*
p=q°-120q+3500
p>0, g*-120q+3500>0
q € (—0;50]U[70;0)
q>0, ge[0;50]U[70;x)
W3 3akoHa crpoca ciieayer, yTo ¢ yBeJMYeHUueM LeHbl p oT Hyud a0 3500 pyo.
CIpoc JOJDKEH majaTh. B Hamem ciydae QyHKuus (| yObIBaeT B MPOMEXYTKE Qe [0; 50] ,

CJIeZI0BaTeNIbHO, MHOJKECTBO 3HaUeHui GpyHnkimu E( f)e[0;50].
1) ®yukuus neHsl uMeeT Bua p = q° —120q+3500

2) p, =300= @, = 60—+/100+300 = 60—20 =40 (mbzc.mm.);
p, =800= @, =60—+100+800 =60—-30=30 (maic.uum.);

0, =10=> p, =100—120-10+3500 = 2400 ( py6.);

3
) q, =15=> p, = 225-120-15+3500=1925 ( py6.).
4) Beipyuka OT IpOJIaXH COCTaBJSIET U = pg, CIIEA0BATEIBHO,

u, = p, -, = 2400-10 = 24000(py6.)
U, = p,-q, =1925-15 = 28875(py6.)

Ecnn kaxaomy 3Ha4YE€HUIO LIEHBI P 32 €AUHUILY TOBapa MOCTABJIEHO B COOTBETCTBUE
YUCIIO ( — KOJIMYECTBO TOBAPA, KOTOPOE MPOU3BOAUTEIN T'OTOBBI POJIATH IO JAHHOU LICHE
3a OMpeNeNCHHBIA TMPOMEXKYTOK BPEMEHH, TO TOBOPSAT, YTO 3ajaHa (QyHKIUSA

NPEUIOKCHISI, ¥ TUIIYT 4=(pP).

Orta QyHKIUA ompeneneHa And TeX 3Ha4eHMH p>0, I KOTOpBIX ¢(p)=0 u
MHOYKECTBO €€ 3Ha4YeHUi q>0.

Ilpumep 4. OyHKUUA NPENIOKECHUS HEKOTOPOrO TOBapa Ha PBIHKE HMEET BHJ

q= é(p— 2)’ -1, TIe ( — KOJIMYECTBO MpeiaraeMoro ToBapa (ThIC. IIT.); P — IICHA ¢IHHHUIIBI

toBapa (py0.). TpeOyercs HaiiTu:

e (OOiacTb onpeaeaeHuss U MHOKECTBO 3HAUCHUNU PYHKIIUHU (]

e (OObeM IpeasIoKEHUs MPU LIEHaX 3a eAUHUIY ToBapa: p, =11 p, =20



e 3aBHCUMOCTH IIEHBI 3a €JIMHUILY TOBapa OT o0beMa cmpoca, T.e. (PYHKIHIO
p=¢"(q)

Pemenue: 1) Haiinem obsacte onpeneneHus:

1 2

§ (-2 -120
(p—2)>-9>0
(p—2-3)(p-2+3)=0
(p-5)(p+1)=0

p € (—o0;-1]U[5;)
Txk.p>20= pe[5®)

MHosxecTBO 3HaYeHUH QyHKIMU ( IpH p>5 OyleT qe[0;+wx).

p,=11q, = 1(11—2)2 -1= 9—1:8(mblc.mm.)

1) Tlpu 91
p, =20;q, = 5(20— 2)’-1=36-1= 35(moic.um.)

oA
2) Haiinem dysxuuio P =% (@)
1
=Z(p-2)°-1
q=45(-2)

%(p—Z)Z =q+1
(P-2)* =9(q+1)
p—2==%,9(q+1)

p—2=i&ﬂq+n
p=2+3(q+1) p:2—31f(q+1)
Tk .p=5, p:2+3\j(qu)

Conep:xkanue NpakTU4ecKoil padoThbl:
3aganue 1. Haiitu oOnacTh onpeaenenust GyHKIIUU
32+X
(x—4)(x+9)

29—-x
2}y —
)Y x? +15x

4x
hy=— "
)Y x? —5x+6

4)y =+/x* =100
5)y = log, (x-3)

o x+2
Y = e (xa1)

3ananue 2. YCTaHOBUTH YETHOCTh WJIM HEUETHOCTh (DYHKIIUH.

Dy=




Dy=x*-x*+3

X°+9
2)y =
3)y =—sinx—4x
4)y =e* +12

X2 +2
5)y= -COS X
)y x* —16
6)y =tgx—2x

3ananue 3. a) OyHkIMg cipoca Ha HEKOTOPHIN TOBAp UMEET BUJT (| = 70—1/250+ p,Taeq-—

KOJIMYECTBO TOBapa (ThIC. IIT.); P — lIEHa eAMHUIILI TOBapa (pyo0.). TpebyeTcs HalTu:
e OOnacTb oInpeiesieHus U MHOXKECTBO 3HAUEHHM 3TON (pyHKIUN

o OyuKumio ueHsl B Buae p=f(q)

O6bem crpoca npu LieHax Ha ToBap: p, =150; p, =650

e lleny 3a equHuny TOBapa, ecnu ¢, =15;q, =20,

BrIpyuky npoJaBLOB B KaKJIOM U3 3TUX CIIy4acB.

6) OyHKIMA CIpoca HA HEKOTOPHIH TOBap MMeeT BHUA (=40—.50+p, rae q —

KOJIMYECTBO ToBapa (ThIC. IIT.); P — IleHa eAuHUIlbl ToBapa (pyo.). TpeOyercs
HaWTH:

e (OOacTtp ornpeeeHus U MHOXKECTBO 3HAUCHUM ATON ()YHKITUN
e ®dyukuuio uensl B Buae p=f(q)

e (OObeM crpoca mpw 1eHax Ha ToBap: p, =175; p, =350

e lleny 3a enununy ToBapa, eciu ¢, =10;q9, =30,

e Bripyuky npoJaBIIOB B K&XKIOM U3 ITUX CIy4aeB.
3ananme 4. a) DyHKUMA TPEAIOKEHHS HEKOTOPOrO TOBapa HAa PHIHKE HMEET BHJ
1 2
q= Z(p— 3)’ -1, rae ( — KOJIMYEeCTBO MpejIaraeMoro ToBapa (ThIC. IT.); P — IIeHa eUHUIIBI
ToBapa (py0.). Tpebyercst HalTH:
e (OOGrnacTh ONpeaeICeHUs U MHOKECTBO 3HAUCHHUH (PYHKITUH (]

e OOBeM MpeToKEeHHsI TIPU 1IeHaX 3a SAMHUITY ToBapa: p,=7;p, =11

e 3aBHUCHMMOCTH IIEHBI 332 €IMHHILY TOBapa OT o0bema crpoca, T.e. (PyHKIHIO
p=¢"(q)



0) OyHKUUSA NPEeNIOKEHHs] HEKOTOPOrO TOBapa HAa pPbIHKE HWMEET BUJ
q :%(p—S)2 -1, rae ( — KOJIMYECTBO MPEAJIaraeMoro ToBapa (ThIC. IIT.); P — LI€Ha
eauHuLbI ToBapa (pyo0.). Tpebyercs HalTu:
e OOnacTh OnpeaeeHus U MHOKECTBO 3HAUEHUN (PyHKIUU (
e OO0OBeM NpeanoKeHus Npu LEeHax 3a eAUHUILY ToBapa: p, =37;p, =53
e 3aBUCHMMOCThH LIEHBI 3a €IMHHUIYy TOBapa OT Oo0beMma CIpoca, T.e. (PYHKIHIO
p=¢"(0)
lIpakxmuueckas paboma Ne2
Tema: IlocTpoenue rpapukoB peanbHbIX QYHKIHI ¢ TOMOLIBLIO
reoMeTpu4ecKMX npeodpa3oBaHui.
Heab: chpopMupoBaTh yMEHHE UCIOIB30BATh CBOMCTBA (PYHKIIMU U MTPABUIIO
reOMETPUYECKUX MPeoOpa3oBaHUil P MOCTPOCHUE IPAPUKOB PEANbHBIX (PYHKIIUH.

TeopeTnueckue cBeeHNsl K NMPaKTUYeCKOil padoTe

U3 rpaduka ¢pyakuuu Y =f (X) nonmyuaercs rpaduk GyHKIUU:

1)y =f (X) +a — casurom Baoas ocuQOy Haa equnwml (BBepX, ecnua >0, u Bau3, ecaua <0;
2)y =f (x —b) — casurom Bmoabs ocuOX Hab exunuil (Brpaso, eciaub >0 ,

UBJIEBO, eciu b <0 ;

3)y =kf (X) — pactsmxenunem Baons ocuQy BK pas;

4)y =f (mx) — cxxatriem mo ocuOX BM pas;

5)y = —f (X) — cUMMeTPHYHBIM OTPaKEHUEM OTHOCHTEIHHO OCHOX ;

6)y =f (—X) — cuMMeTpUYHBIM OTpaKeHHEM OTHOCHUTEBHO ocuQYy ;

7)y =f (X) , cneayrommumM 00pa3oM: 4acTh rpaduka, pacroioKeHHAs He
ke ocu OX , octaeTcst 0€3 U3MCHCHUH, a KHIKHSA» YacTh rpauka CHMMETPUYHO
OTpaXkaeTCsl OTHOCUTEIBHO 0cHOX ;|

8) y =f ( X ), cnenyromum o6pa3om: npasas 9acthb rpaduka (mpuX >0 )

ocTaeTcsi 0e3 U3MEHEHUH, a BMECTO «IEBOW» CTPOUTCS CUMMETPUYHOE OTpaKEHUE
«TpaBoi» oTHOCUTENBbHO ocu OY .
ITocTpoenue rpaguMKoB myTeM caABUra rpapukoB OCHOBHBIX PyHKIUI



1. Yto6wr moctpouth rpaduk ¢yskuumu Y=f(X)+c, HyxHO rpaduk (yHKINH
y=f(X) caBunyTh BIoJIb ocu Oy Ha ¢ €UHHII B TY CTOPOHY, COBIAIAIOIIYIO CO

3HAKOM C.

A_w

Y=x"+2

A A3

2
5 4 3 4 4 9 1YxX3 4 5

5t

2. UroOsl iocTpouts rpaduk Gynkuuu y=Ff(X+c), Hy:xHo rpaduk ¢pynkumn y=f(X)

CABHUHYTH BIOJIb OCH OxHac CIWHHII B TY CTOPOHY, IPOTUBOIIOJIOKCHHYIO 3HAKY C.

Y=(+2)? / =(x-2)°

Yo

-4

ITpeodpaszoBanue - rpadguko HyTeM  CHMMETPUYHOI0  OTOOpaKeHUs

OTHOCHUTEJILHO OCeil KOOPAUHAT rpaduka OCHOBHOU (PyHKIIMHA

1. YtoOsl mocTpouth rpaduk GyHKIuu Y=-f(X),HyKHO OCTPOUTH N300paKCHHE

cumMerpudHoe rpaduky Gpynkuuu Y=Ff(X) orHocuTensHo ocu OX.

N rys

/
J
f

[ ——

O

¥

4. YroObl mocTpouth rpaduk GpyHkmuu Y=Ff(-X), Hy’kHO IOCTPOUTH N300paKCHHE,

cummetpuaHoe rpaduky Gynkmun Yy=Ff(X), otHocuTensHo ocu Oy.



\,/’, 7\1 T LY=sin(-x)
Y=sin(x)

)

IHocTpoenue rpadpuxkoB ¢PyHkuuii nyrem gedpopmanuu (CKATHA WU
pacTsKeHUs) rpapuKOB OCHOBHBIX QyHKIUM

5.91o6s1 moctpouth rpaduk ¢pyakimuu y=af(x), npu a>0, Hago rpaduk GyHKIUU
y=f(X) pactsauyTb Brosb ocu Oy npu a>1 u cxatb Baoib ocu Oy npu 0<a<l.

1 TY=4c0s X)

=1/2cos(x)

<«

—
-«

s\ 3 =c0s(X)

6. Uto0Onl mocgpouts rpadpuk pynkmum y=f(wxX) npu w>0, Hy) HO Tpaduk

byukuun y=f(x) cxars Baoas ocu Ox, ecan W>1. U pactanyTs Baoab ocu OX, eciu

A
=

O<w<1

v:<in(‘<) v=sin(2x

N N
y=sin(1/2x

¥

IIpeoOpa3zoBanue rpadpukoB pyHKUMH, aHATUTHYECKOE BbIPAasKeHHE KOTOPBIX
COJIEPKUT 3HAK a0COIOTHOH BeJIMYMHBI

7. y=f(|X|). ®yukuus y=f(x) getHas. UToObl mOCTPOUTH €¢ rpaduk, JOCTATOYHO
noctpouth s x>0 rpaduk Gynkmun y=f(x), a 3aTeM 0TOOPa3UTh €ro0 OTHOCUTEIBHO OCH

Oy

/

1
N
™

Y=1/4x%+|x

Y =1/45%4+X-2




8. y=|f(X)|. MoxHO naHHYIO (QYHKIUIO paccMaTpUBATh KaK COBOKYITHOCThH JIBYX
byHKIMI
f(x), rme f(x)>0
y=
-f(x), rae f(x)<O.
Yrober moctpoutsh rpaduk dynkmuu y=[f(x)|, moctaTouHO TOCTPOUTH Trpaduk
¢yukuuu y=f(x), u Ty yacth rpaduka KOTopasi pacroioKeHa B HUXKHEU MOJTYIUIOCKOCTH,

CUMMETPHUYHO OTOOPa3UTh OTHOCUTENBHO ocu OX.

AT

\ /
y=|1/4x*-x-2|
\ /
y=1/4x"-x-2
9. YtoOwI mocTpouTk rpaduk dpynxumu [y|=f(x), y=x/6

JOCTaTOYHO MOCTPOUTH Tpaduk GpyHknu y="F(x), ] >

U Ty 4acTh rpaduka, KOTopas paciooKeHa —ly|=x/6

B BEPXHEH IMOIYIIIOCKOCTH CUMMETPUYHO

0TOOPa3UTh OTHOCUTENHHO OcH OX. L/

10. y=|f(|X])|. MoxHo naHHYI0 (QYHKIUIO pacCMaTpUBaTh KaK COBOKYITHOCTB JIBYX
byHKIUH f(|x|), rme f(x)>0
y:
-f(|X|), rme f(x)<O0.
Yrobsr moctpouth rpaduk dynknuu, y=|f(|x|)|, mocrarouno moctpouth rpaduk
¢ynkmum y=f(X), 1 Ty 9acth rpaduka KOTOpas pacroyiokeHa B HUKHEH MOJYIUIOCKOCTH,
CUMMETPUYHO OTpPa3HTh OTHOCHTEIBHO ocu OX. 3areM MNOJXy4dWBIIHNACS Tpaduk

CUMMETPUYHO 0TOOPA3UTh OTHOCUTENBHO ocH Oy.



¢ y=[1/4x%-|x-2|

y=1/4x%-x-2

Ciio’)keHue W BbIYUTaHHME rpaguKoB

11. YUroOsr moctpouts rpaduk ¢ynkimu y=F(X)+W(X).Hago MOCTPOUTH CHaydaia
rpaduk onHON Oojee mMpocTol (PyHKIMHU, a 3aT€M K HEMY NPHUCTPOUTH Ipaduk BTOPOH
6onee mpocTod (GYHKIMH, OPJUHATHI KOTOPOIO OTKJIAJbIBAIOTCS OT COOTBETCTBYIOLIUX

TOYCK IICPBOIO rpa(bmca. Pa3noctsb NpeaACTaBIAOT B BHAC CYMMbBI M CTpPOST BBIIIC

yKa3aHHBIM CIIOCOOOM.

Ay
o
4t //
3: ’/”& Y=X'Sin(2X)
27 //
. Y=X
BNV . AVANK
LRV ARN SN
7!
< ! y=c05(2x)
e of
sl

YMHoOxKEeHMe U JdesieHue rpadukoB

12.Yto6s1 moctpouts rpaduk ¢ynkmuu y=f(X)W(X), Hago mOCTpOuTh rpaduKu
dyukmmit  y=f(X) 1 y=W(X), ¥ MepeMHOXHTb 3HAYCHHs OPIMHAT, COOTBETCTBYIOIIHE

OIHUIM W TEM € 3HA4YeHHUsM aprymeHTta. JlemeHue rpadMkoB MOXKHO TPUBECTH K

YMHOKEHUIO.

y=X

b

[
|
I
|
, ]
|

|

|

y=xsin(5x)

[TocTpoiite rpaduk GyHKIUHU, UCTIONB3YSI T€OMETPUUECKUE

3agaHue:
npeoOpazoBaHus
1)y=(x-2)>-3.

2)y=2x2+3.



3)y=-3x%+2.
4)y=(2x-5)*—1.
5)y=(3x +4)" + 2.

6) y = cos(x — 1/6).

7) y =2sin(x + m/3).

8) y = 3cos(x — m/4).

9) y = 3cos(2x — m/6) + 2.
10) y=2sin( x +7/3) +1.
11) y=2cos( x-—m/4)-2.

lIpaxmuueckas paboma Ne3
Tema: IIpenea ¢ynxkumnm.
Heab: chopMupoBath yMEeHUE HAXOAUTH MPEAEIIbl (QYHKITUH.

TeopeTnueckue cBeeHUsl K MPaKTUYeCKOil padoTe

Yucno 4 HazeBatoT npedenom ¢yuxkyuu f(X) mpu x — X, (u mumyt lim f(x) = A),
X—>Xg

eciin g aro6oro €>0 mHalimerca yuciio O >0, 3aBucsIIee OT , TAKOE, YTO I BCEX
X#X,, YIOBIETBOPAIOIIUX  YCIOBHIO |X—XO|<8, BBHITIOJIHSIETCS ~ HEPAaBEHCTBO
|f(X)—A|<3.

Teopemsl 0 Tipeenax:

1. limc=c (c=const).

2. Ecimm lim f(x)=A, limoe(x)=B, ro:

X—Xg X—Xo
lim(f(x)xo(x))=1lim f(x)£lime(x)=A+£B;
X—>Xg X—=>Xo X—Xo
lim(f (x)-e(x)) =lim f (x)-lime(x) = A-B;

X—>Xg X—>Xp X—>Xp

lim
|imf(x):xl?r2 (X):é, (B =0).
=% @(X) erpocp(X) B

YroObl Haiith mpenen siaeMentapHoi Qymkmuu lim f(X), Hyx)HO npenensHOe
X—>Xp

3HaYeHUE apryMeHTa IMOACTaBUTh B (YyHKUMIO M nocuutaTh. llpu sToM, ecmu x=x



MIPUHAJJICKUT 00JIACTH orpenencHus: GyHKIMU, TO 3HaUYeHUE mpesena OynerT HalWAeHo, OHO
paBHO 3HAYEHUIO (YHKIMM B TOYKe Xx=Xo. [lpU BBIYMCIEHUU TIPEJEIOB IMOJIE3HO

WCIONIBL30BaTh cieayroime cootHomenus. Eciu c=const, ¢#0, C#oo, TO, y4uuThIBas

cBoiicTBa 0.0. 1 6.M. (PYHKLHH, TOTY4HM:

0 c 00 o ©
- —>0; = >0, ——w,cw—>m0c0—>0; a” —0,ecm0<a<la” — oo, ecau a>1.

C 0 C

Cnyyan, B KOTOpPBIX TIOJCTAaHOBKA TMPEAETLHOIO 3HAYEHHMS  apryMeHTa
B (yHKIMIO HE JaeT 3HA4YeHUs Tpejesia, Ha3bIBAIOT  HEOMPEACICHHOCTSIMU,

K HUM OTHOCATCA HCOIIPECACICHHOCTU BUJIOB!

(zj, (gj, (0-oo); (oo_oo); (100); (Ooo); (OO),

2x° +15
Bbruuciuts npeen *-t 10x° —4

Ilpumep 5.

o 2x3+15 . 2.2*+15 2+15 17
Pewenue lim——, =lim > = =
o110x° -4 110-2-4 10-4 6

. x*-16
Ilpumep 6. lim—————
Beruucnoute npegen 4 X° —-5x+4
0
216 10 (x-
jim—X 10 iy ) d) o (ced) L (444) 8
PeweHue x—4 X° —5x+4 x4 (X—4)(X—1) x4 (X—l) x4 (4—1) 3
“mx/2x+8—«/23—x
Ilpumep 7. Beraucnuts nipegen *° X—=5
Pewenue
|' \/Zx+8_\/23_x[3}|_ (V2x+8-23=x)(\2x+8 +\23-x)
im =1m =
x—5 X-5 x—5 (X—5)(\/2X+8+\/23_X)
2 2
i ((*/2“8) -(V23-x) ) i (xe8)-(28-0)) (2x+8-23+x)
=5 (x=5)(V2x+8+28-x) *°(x-5)(v2x+8+23-x) *7*(x-5)(v2x+8+23-x)
lim (3x—15) )i 3(x-5) _lim 3 B
=% (x=5)(V2x+8+28-x) *°(x-5)(v2x+8+28-x) 7 (V2x+8+/23-x)
3 3 3 3 1 122 242 2

(V2-5+8++23-5) (\/1_8+\/1_8)= 218 232 22 22.2d2 42 4

Conep:kaHune NpaKTHYECKOU PadOThI

3ananue 1. Beranciauts npenensl NOCae10BaTeIIbHOCTEH:



2n+1 3—-2n 10n+3

1 lim 2)lim 3)lim

n—oo 3n+5 n—oo I'l+6 n—oo 1+2n
)2 2 2 1\2
im0 gy B2 Bn)” g (nd) (01
o 9N e (3—N)°—(3+n) e (N—1)°—(n+1)
3[A3 3 2
Nlim X202 gy i L0y (Van—7 - Vh+2)
n—w n+2 e 100Nn° +16n n—w

3ananue 2. BeruucauTh npeaensl GyHKINM:

4oy 3_ay_ Jrx-1
Dlim X2 g i X 2322 3)Iim(—2)
x50 X —3X°+X X1 X°+X X0 X
. (V1+2X—3) D ) ) - (x+1)*+(x-1)?
plim——2  5Iim2 =22 6)lim _ _
X—4 \/_—2 x—1 X -1 x—1 (X—l) —(X+1)
3 1 ox— 3 _15y2 NaX—7 —x+2
7)lim VX F2XTL gy X 15X X 9)Iim( )
X——2 X+2 x—0  18x° +15x x—2 X—2

Ilpaxmuueckas paboma Ned
Tema: HaxoxaeHue npenesioB pyHKIU ¢ IOMOIUBIO 3aMeYaTeJbHBIX IPe/1eJIoB.
Heasb: cdopMupoBaTth ymeHUE WCIIOJIB30BaTh 3aMedaTebHble NpeAesbl i
HAXOXKICHHUS TIPELIEIIOB.

TeopeTnueckue cBeieHNs K MPAKTH4YECKO# padoTe

. . . Sinx
Iepswiti 3amewamenvholil npeden. lim—-— =1,
Xx—0 X

Bmopoii 3amewamenvnuuiii npeden (uucino e =2,718...):

1
lim@+1/x)" =e wm lim(l+ x)* =e.

X—»00 x—0

3ameuamenvrvie npeoevi:

im®~%_Ina lim& 11
x—0 X Xx—0 X
. In(1+x )
|ImM=l I|m|093(l+x)_logae
x—0 X x—0 X
. (1+x) -1
Ilm—( ) =
x—0 X
5sin8x

lim
IIpumep 1. Beraucnuts npegen x>0 6X




5sin8x [%}

5sin8x-8 5-8 40 20

lim =lim
Pewenue *°  6X x>0 6-8X 6 6 3
. In(1+5x
Ilmg
IIpumep 2. Beraucauts npeaen *>0 X
in(a+5x)le] sin(Lesx)
im———~ =lim————==5
Pewenue *° X x>0 oX
1
Iirrg(1+ 5x)3

IIpumep 3. Beraucnuth npeaen

- 4£'P?J . JL5x~£f Hm(5x47] S
lim(L+5x)% = lim(@+5x)% * =" */ =¢3
Pewenue 0 x—0

2 X
. [ X“+4
IIpumep 4. Beraucnuth npeaen |Im( j

x| X241
Pewenue
A X
(eea) (e e1es) 3 )
lim > = lim| ——+ =lim| 1+ > -
x>l X +1 X—® X°+1 X—>00 X +1
X Eiiﬂgggﬂx
3 X%+l
. . lim ——x Ihnggf; .
:Ilm 1+ > :||m 1+ 5 = =X +1 XX +1_e _1
X—>00 X +1 X500 X +1
3 3

3aganue: Beraucnuth npenensl GyHKIUN, UCTIONB3YS 3aMevaTelbHbIC TPe/Iebl:

2 x241 X x+1
1)Iim[x j3j 2)Iim(x_+ﬂ 3)Iim(2x+3j
X

X—>o0 x—wo \ X— xow \2X+1

%1 In(1+sinx 2_
4)lim(1+10x) 5)Iim¥ 6) lim >X_—5X
X0 X0 sin4x x>0 SIN4X
7)“mtg3x 8)Iimgln(l—Zx) 9)“mar_cmn?zx
x>0 1gX x>0 4arctg3x x>0 SINX-X

Ilpaxmuueckasa paboma Ne5
Tema: HenpepbIBHOCTH QYHKIMH, TOYKH pa3pbiBa.
Heab: chopMupoBath yMeHUE UCCAEAOBATh (PYHKIMIO HA HEMTPEPHIBHOCTH U HAJTUYHE

TOYEK pa3pbiBa, OMPEIEIATh POl TOUEK Pa3pbIBa.



TeopeTuquKne CBCACHHA K HpaKTI/I‘IeCKOﬁ paﬁoTe

OyHKIUA y = f(x) Ha3bIBACTCS HenpepuleHOll

6 mouKe Xo, €CIIM OHA: 1) onpezaeneHa B TOUKE Xop; 2) UMEET KOHEUHBINA IPEJE IPU X —> X, ;

3) aTOT mpenen paBeH 3HaYeHHIO QyHKIMK B 3T0i Touke lim f(x) = f(X,).
X—X%g

@yHKIHS HA3bIBAETCS HEMPEPBIBHOM, €CIIH:

1) limlf =0 Of = f(x,+I1x)— f(X,)

Ox—0

2) Ve>0 35>0 |[x—x|<s = [f()-f(x)|<e
3) lim f (x)=f(x,)

X—>Xg

qDYHKI_II/ISI Ha3bIBACTCA HCHpGpBIBHOfI Ha HCKOTOPOM TIPOMCIKYTKE )(, CCJIN OHa
HCTIPCPHLIBHA B Ka)KIIOI‘/’I TOYKC 3TOTO ITPOMCIKYTKA.

IIpumep 1: Jlokazats, uyto QpyHKims f (X) =3x°—2X+1 HenpepbiBHA Ha (-00;+00)
Pewenue:

0 f :(3(XO+DX)2—2(XO+DX)+1)—(3XOZ—ZXO+1):3x02+6>ng+3]x2 —2% — 20X +1-3%2+2% ~1=
= 6%, X +31x* — 21X

limi f = lim (6x,71x+31x* —21x) =0

Ox—0 Ix—0

Touxka Xo Ha3bIBaCTCA TOYKOM pa3pbiBa (bYHKHI/II/I, €CJIM B DTOM TOYKE HE BBIIOJHECHO

X0Ts Obl 071HO U3 ycnoBuil 1—3 HenpepbsiBHOCTH GyHKIKUU. Bee anemenTapHbie GyHKINUN
HENPEPBHIBHBI BO BCEX TOUKAX, I7I€ OHU ONPE/EICHBI.

Knaccugurxayus mouex paspuvisa:

1) Xp— TOYKa YCTPaHUMOTO pa3phIiBa, €CJIH a) Iim0 f(x)= Iim0 f(X) = f(x,)
X—>Xg— X—>Xg+
0) B TOUuKe Xo (DYHKITHS HE OlpesecHa

lim f(x)

X—Xy+0

2) Xo— TouKa paspsiBa | poaa, eciu Iim0 f(x)=
X—>Xy—
h= f(x,+0)— f(x,—0) - cka4ok HyHKIIUU

3) Xo — Touka pazpeiBa Il poma, ecnmu XOoTsS OBl OAWH W3 OJHOCTOPOHHUX TIPEICIIOB
paBeH OECKOHEYHOCTH WJIM HE CYIIECTBYET

Ipumep 2:

Haiitu Touku paspeiBa GyHKIIMHA U YCTAHOBUTH UX THUII



x*+1 x<1
a)y=f(x)=7 0x=1
X+1,x>1

lim (x2 +1) =2

x—1-0

lim (x+1)=2

Xx—1+0

f()=0

= XO =1 mo4dka ycmpanumoco  paspbsled
x?, x<1

X—2,x>1

5)Y=f(X)={

lim x* =1 lim (x-2)=-1

x—1-0 x—1+0

= X, =1 mouxa paspwisa 1 pooa

h=-1-1=-2
1
6)y=2""
1 1 1
lim2*t = |lim 21 =2"=—=0

x—1-0 x—1-0 *©

1
lim 21 =2" =0

x—1+0

= X, =1 mouka paspwiea I pooa

Conep:kanne NnpakTU4eCKoOi padoThbl
3aganume 1. Jloka3ate, 4To GyHKUIHUSA SABISETCS HEMPEPHIBHOM
a)f(X)=x+9
6)f(X)=x>+8
8) f(X)=2x*+6x-5
2) f(X) =10x*—12x
3ananme 2. HaliTu TOYKH pa3pbiBa U YCTAHOBUTH UX TUII

-, x<0
a)y=f(x)=1 0,x=0

e, x>0
6)y=f(x)= X

X
6)y = f(X) = *
AY=S0="2

Ilpaxmuueckasn paboma Ne6
Tema: BoiuuciieHue npou3BoAHOM PyHKIMH.
Hean: chopmupoBaTh yMEHUE HAXOAUTH MPOU3BOAHBIE (DYHKIUMN, 3aJJAHHBIX B SIBHOM,

JIOFapI/I(i)MI/I‘-ICCKOM H IIapaMCTPUUICCKOM BHAC, HAXOAUTb IIPOHU3BOJHLIC CIIOKHBIX

(b yHKITUH.



TeopeTquCKne CBCACHHA K HpaKTI/I‘IeCKOﬁ paﬁoTe

IIpouseoonoii ¢ynxyuu Y= f(X) HasbpBaeTcs KOHEYHBIM IIPENEN OTHOIICHUS
npupamenns  pyakumn  Af = f(X+AX)— f(X) x npupamenuro  He3aBHCHMOIA

IIEpEMEHHONU AX IpU CTPEMIICHUHU MOCIIEAHETO K HYIIIO:

y' = = lim Y = fjm LA =T
AX—0 AX  Mx—0 AX '

)
O0603HaueHus TPOU3BOAHOM B TOUKE Xo:

df (%)
dx

!

. Yx| + Y'(X,) u npyrue.

Xo

, d
£(%), %

X0
Ecmm ¢ynkmmst B Touke xo (WM Ha TIPOMEKYTKE JX) HMEET KOHEYHYFO
POU3BOJHYIO, TO (DYHKIIMS Ha3bIBaeTCs oughghepenyupyemoii 8 smoi moyke (WIU Ha
IPOMEXYTKE X).
[Tporiecc oThICKaHUS MPOU3BOAHOM HA3BIBACTCS OuUPhepeHyuposanuem.

IIpasuna oughgepenyuposanus

N |[U = u(®x), V=V(x) —|[[Ne U = u(x), V=V(x) —
nn | nuddepeHiupyembie yHKIIUHA nn | nuddepernupyembie GyHKIIAN
[TponzBoaHas CIIOKHOU
utv) =uzVv
) VI | Gysan y = Fuol, ' = £
I | (uv) =uv+uyv OyHKIMS 3a/1aHa TapaMeTprudec-
KAMU ypaBHEHUSIMHU
Vil '
111 | (cu) =cu’, c=const {X:X(t) y! :ﬂzi_
y=y(t) dx X
IV (Ej _UVSUY 6y £ 0) EBemn y=f(X) u x=f(y) —
v v V||| | B3auMHO oOpaTHbie (yHKIIUH,
' 1
vV (c _ ¢V c=const 10 X, =—-, (Y, %0).
v)  v3 (v(x)=0) Yx
Dopmynvt Ouppepenyuposaruss OCHOBHbIX INEMEHMAPHBIX YHKYUL
Ne | c=const, X — HE3aBUCUMAs nepeMeHHasl,

o | U = u(x) — muddepenmupyemas GyHKITHSI

1 [C=0 9 | (cosu) =-sinu-u’




u!
2 |x=1 10 | (tgu)' =—;
cos’u
3 | W) =autu 11 | (ctgu)' = ——=
sin“u
4 | (@")=a"Inau 12 | (arcsinu)’ = - = lul<1
—-u
5 | (e")=e"u 13 | (arccosu)’ = — u ; |ul<1
V1-u?
, U ,u
6 | (log,u) = (u>0) 14 | (arctgu)’ = ——;
ulna 1+
, U , u’
7 | (Inu)'=— (u>0) 15 | (arcctgu)’ = ———;
u 1+u
8 (sinu)" =cosu-u’

Ipumep 1. HaliTu nponsBoaHbie YHKIINN:

) y=3¢ 3% —L: 5 s=(' —2intsint, g u=ctg®; 2) 2= arctgzzt.
X 3 1+4t
Pewenue.
a) Vcnonesys npasuina |, 11l u popmyiy (3), nomyunm:

y =3 + 3% —41x%) =30 + (X)) - A(x?) =

2 12
+

3 x*

0) Ucnonw3ys npaswia nquddepernrpoBanns npouspeacHus ¢GyHakuuid |1, paznoctu

=35x" + % x % —4(-3x") =15x" +

I, dopmymnst (5), (7), (8) u yuuthiBas, 4TO He3aBUCUMAs IEpeMeHHas ecTh t, T. e. t=1,

IIOJIy4YnM: ||
s=[(e' —2Int)sint] = (e' — 2Int)'sint + (e' — 2Int)(sint)’ =

((e") —2(Int)")sint + (e' —2Int)cost = (et —%)sint +(e' - 2Int)cost.

6) Cnoxnass creneHHas (yHKIWSA, HE3aBUCUMAas TEpeMEHHas ecTh V,

T. €. V=1;[] ucnonp3yst popmymy (3), moryqaum:



1 \Y;

— 2ctg— COS—
:thgX 3 = ’ __2 3
3| sin?Y 3sin® — 3sin3\é

2) HWcnonw3ys mnpaBuna guddepenuupoBanus yactHoro 1V, cymmsr |, |l

u opmyisl (3), (14), yautsiBas, uro t=1, nomyunum: |

L (arctg 2t j’ _ (arctg2t)'(1+ 4t%) — (arctg2t)(L + 4t%)"

1+ 4t? (1+ 4t%)?
(2t) 2
1rat? (1+ 4t°) —arctg2t(0 + 4-2t) _ 2-starctg2t

(1+ 4t%)? O (@+4t%)?
Ilpumep 2. Haiitn npousBogHy Y., eclnu (QyHKIMS 3aJaHa NapaMeT-pUUYECKHU:

X =In(5-2t)
{y =arctg(5 - 2t).

_%

WUcnonszyem npasuio VIl y, ==

, (5-2t) 2
5-2t 5-2t
, (5-2t) -2
Yi = 2 = 2"
1+(5-2t)° 1+(B-2t)
, -2 -2 5-2t 5-2t
Yx

T14(G-21)2 5-2t 1+(5-2t)2 A4t2—20t+26

X

Ilpumep 3. Halitu npousBoaHyro GyHKIUU Y =X JOrapu@MUUYECKUM

b depeHnupoBaHUEM



y=x'

Iny=Inx*
Iny=x-Inx
(Iny)':(x-lnx)'
l_l In X + X 1
y X
l =Inx+1

y

y = y(lnx+1)
y =x*-(Inx+1)

Conep:kanne NpakTH4YeCKO padoThI

3apanme 1. Halitu npousBoanbie 1-ro mopsiaka TaHHbIX QYyHKIMMA

1) a)y =3¢ 2~ 4; )=+ )2~ Jarcctgn) @uzwf%;az=5_?P$-
X e
2) )y =5x—+ 3 0)s = (4-3n)(5+ 25in0); e)u=sin'(2V +3); &)z =MD,
X —In
3 a3t
3) a)Y=7X2+is—5/X_2; 6)s = (3—cost)(5+6sint); &)u =3(1—4V?; Z)Z:t €
X arcos2t
4) a)y =5x* + \/_ 6)s = (3 —4)(r—2cost); 6)u=In*(5V-3); 2)z _In(4 t5t)'
sin
5) a)y =1 ~—2+23¢; 6)s = 1*(4-+arctgr); 6)u=cos’ (@ +1); o)z = A
X e
N : 4 . arctg2t
6) a)y =x* +=—-23x; 6)s =(3+1tgr)(A—4ctgr); 8)u=tg"(3V+2); 2)z= TR
X +

3aganue 2. Haiitu mpomsBomHyro Y, ¢yHKuuM Y=y(X), 3aJaHHON ITapaMeTPUYECKH:
{x:x(t)
y=y@®

1) X =sin2t

X = c0s(2t + 6)
y =sin(2t + 6)

-
{
{x (1-t)?
boe-

N

)

><

4)



_ a4t
5) X=e
y = (1-4t)°
X = ctgt
6), >
y=t"+1
3apanme 3. Haiitu npou3BogHyr0 QpyHKUUU Jorapu@muueckuM aAuddepeHIupOBaAHUEM |

1) y=(sinx)™"
2) y=(cosx)"
3) y=x"*
4) y=(sinx)"™"
5) y = x

6) y= (tgx)InX

Ilpaxmuueckas paboma Ne7
Tema: [IpumeHeHHe NPOU3BOAHOM K PEIICHUIO MPAKTHYECKHUX 3a/1a4.
Heab: chopmupoBaTh YMEHHE COCTaBJISATH YpPaBHEHHE KacaTelbHOM W HOpPMalld K
rpaduky QyHKIUHN, 3HaTh TEOMETPUUYECKUN CMBICIT TIPOU3BOTHOM.
TeopeTnueckue cBeieHNsI K MPAKTH4YeCKO# padoTe

['eomempuueckuti cmMolcli NPOU3BOOHOU.
y

A y=f0 4 Ecnu  xpusas  3ajmana  ypasnenumem Y= f(X),

\( / to f'(X,)=tgo.— yrmoBoil ko3pHUINMEHT KacaTenbHOH K
f(%,) o(X.,Y,) TpPaduky bynxumu B 910i Touke (K =tga = f'(x;)).

\ VpaBHenne  kacarenbHoii Kk kpuBoi Y= f(X)
B TOUKE X (npsimast MyT) umeeT BUI:

»X

0

y=T(%)+ F')(x=x),
1)

a ypaBaerue Hopmaiu (MoN):

y=T(%)- (X=%,)- 2)

1
(%)



Ipumep: COCTaBUTH ypaBHEHHE KacaTeIbHON 1 HOPMAIIK K KpUBOil Y =/ X° — 3 B Touke

¢ a0cIuccou xp=2.

Hcnonbs3yem ypaBHeHHs KacaTelbHOM (1) 1 Hopmau (2):

1) y(x) =y(2) =v2* -3 =1;

2) V()= (04 -3 =2 (¢ =3 2 ~3) = (¢ ~3) 22x=—2—;

2

y,(xo) = y’(2) = \/ﬂ

[MoxcraBum X, Y(X,), Y'(X,) B ypaBHeHust u noayunm: Y =1+2(X—2),

=2.

win 2X— Y —3=0 — ypaBHeHHE KacaTeIbHOM.
1
y=1- E(X —2), wm X+ 2y —4=0— ypaBHeHHE HOPMAIIH.

Conep:kanne NpakTU4eCKoOi padoThbl

3aganme. CocTaBUTh ypaBHEHHME KacaTeIbHOW M HOpMaid K KpuBoil Y=f(X) B Touke c
a0CIIHCCOH Xg.

2) \5-%%, X, =2.

X% +3x
3

3) , X, =—1.

4) Jx+2x, x, =9.

XZ

X—2

6) V1+3x, x, =1.

5) , % =1.



IIpaxmuueckasn paboma Ne 8
Tema: [IpousBoaHast BLICIIUX NOPAAKOB.
Heab: chpopMupoBaTh yMEHNE HAXOAUTH MPOU3BOIHBIE BBICIIUX HOPSIKOB.
TeopeTnueckue cBeeHUs K NPaKTHYECKO# padoTre
IIpous600noii N-20 nopsioka Ha3bIBAETCSA MPOU3BOIHAS OT MPOU3BOAHON (N—1)-ro
nopsanka. IIpousBomHbIE  BBICIIMX  MOPSAKOB  BBIYUCISIOTCA — HOCIEIOBATEIbHBIM
b depeHurpoBaHEM TaHHON (DYHKIIUH.

2

dx?

[IpousBognas BToporo mopsaka Yy’ = (y') wiun

4 A4 d3y
[IpousBogHas TpeThero mopsinka y” =(y") wmm v UT. 1.
X

Ipumep: HaiiTn mpon3BoIHYIO BTOpOro mopsiaka Gyskmmu Y = X~ In X.
Pewenue. y"=(y'), mnosToMy HalWaéM NPOM3BOJHYIO TIEPBOTO  IOPSJIKa,

da 3aTCM BTOPOTO.

Yy =(x*Inx) = (x*) Inx+ x*(Inx)' = 2x-Inx + L Zoxinx+x= x(2In x +1).
X

y'=(X(2Inx+1)" =x'2Inx+1D) + x(2Inx+1)' =2Inx+1+ XE: 2Inx + 3.
X

Conep:xanne NpaKTHYECKOi padoThI

3amanue. Haiitu npousBoaHyto Broporo mopsaka Gyskiuu y=F(x).
1) y=Inx+9
2) y=cosx—Inx
3) y =sinx+x*
4) y=x"+sinx
5) y=x+Inx

6) y=23e"+2x



IIpakxmuueckas paboma Ne9
Tema: IIpasuiio Jlonurajs.
Heab: chopmupoBarb ymMeHHEe NPUMEHSITh NpaBuio JlonmuTams uisi HaXOXKIACHUS
MIpeIeIIoB.

TeopeTnueckue cBeeHUsI K MPAKTUYECKOl padoTe

0 o0 .
IIpasuno Jlonumansa. [lpeaen oTHOIIEHUST ABYX O.M. 0 wi 0.0. | — | dbyHKIui
o0

paBeH mpeneny OTHOIICHHS HMX MPOU3BOAHBIX (KOHEUHOMY WM OECKOHEYHOMY), €Clid

MOCJICTHUM CymieCTBYCT.

f(x)

lim - ) _ i £ ()

. 5
=1 @(X) = ¢'(x) ©)

UtoObl uCTONBb30BaTh NpaBuiao Jlomurayiss it pacKpbITUS HEOMPENETIEHHOCTEH

JIPYTUX THUIIOB, BBIPAXKEHHE IOl 3HAKOM TIpejaesia  CleayeT MpeoOpa3oBaTh

Q0
QJICMCHTAaPHBIMU crocooamu Takx, YTOOBI IMOJTYYUTDb HCOIIPCACICHHOCTD (—j 501041 (—j Hu
o0

3aTeM UCI0Ib30BaTh hopmyiy (5).

Ilpumep: Haiitu npenensl, ucnonb3ys mnpaBwio Jlomurans Wik 3JeMEHTapHbIC

CIIOCOOBI PACKPBITHSI HEOIIPEACIEHHOCTEH:

. Ax3+2x-3 22X +15x+7.
a) lim————; lim — ,

x>0 X“4+6 x>-1 X 4+5Xx—-14
Pewenue.

a) TloacTaBmisisi B QyHKIIMIO BMECTO X MPEACIbHOE 3HAUCHHUE 00, OMPEICTUM IMpeael

YUCJIHNTCIIA 1 3HAMCHATCIIA.

lim(4x° +2x—3) = |imX3(4+%—%j:oo-4:oo, k250,250,
X—>0 X—>00 X X X X

Ananormaso: lim(x® +6) = .

X—>00

00
Nmeem HEONpeAEIEHHOCTD BU/IA (—j . Ucnonbs3zyem nipaBuiio Jlonurans:
o0



lim

X—>0

=lim

0)

X—>00

lim

12x*+2)"

x> +6

X—00

lim
X—00

(2x)

2 +15X+7 i

x> x* +5x—14

= lim

4% +2x-3 lim (4x° +2x-3)’

29X _ jim12x = oo,

x> (=7)* +5(-7) -14

2 '
(2x° +15x+7) _lim

x>=7 (Xx* +5x —14)

(X% +6)

X—0

2(=7)° +15(-7) +7 _

=lim

X—>0

12x*+2
2X

2)

x>=7 2X+5

4x +15 .
——=1lim =
x>7 2(-7)+5 -9

o)

0

4-7)+15 -13 13
>

Conep:kanne NpakTH4YeCKO padoThI

3apanue: Haittu npenensl, ucnonb3ys npasuio Jlonurans.

1) lim——;
) i x> —5X+4
3) lim
4)

5) lim

16 — x?

tg2x

x>01—COS X

lim
x—1/3

6x° —5x+1
1-3x

4sin X —l

x>0 Sin3x

2
6) "mx——x—Z

X—2

X—2



IIpaxmuueckas paboma Ne 10
Tema: Inddepenumnan GpyHkuum.
Heab: chpopMupoBaTh yMeHNE HAXOAUTh IUdPepeHnnana GyHKINH.
TeopeTnueckue cBeJeHUsI K NPAKTHYECKON padoTe
s nuddepennmana Gyakuun Y = Y(X) cupasemmusa ¢popmyna dy = y'(x)dx, T. e.
mubdepenuran (QYHKIUM paBeH MPOU3BEACHUIO MPOU3BOJHOM OT (QYHKUMHU Ha

muddepennan He3aBUCUMON TEPEMEHHOM.
Ilpumep 1. Hatitn nuddepennmansl GyHKITUI:
a) Y=X+C0S2X; 6) u=3+e*; 6) s=In3t.
Pewenue.
a) dy = (X+cos2x)'dx = (L—sin2x-2)dx = (1 —2sin 2x) dx.

6) du=(3+e *)dx=e*(-1)dx =—edx.

6) ds = (In3t)'dt =

(B’ 4 — 3 g =Lt
3 gy

Conep:kanne NnpakTU4eCKoi padoTsbl

3aganme: Haittu nuddepernmanst GyHKINN:
1) y=sin2x+5;
2) y=Inx—x°
3) y=4+8sinx;
4) y=2x-1.
5) y=1-cosx;

6) y=10-3x



Ilpaxmuueckas paboma Nel I
Tema: HaxoxkxaeHue HeomnpeaeJeHHbIX HHTETPAJIOB Pa3IMYHBIMH MeTOJdaMH.
Heab: chopMupoBaTh YMEHHE BBIUYUCIIATh HEONPEACICHHBIE HHTETPANbBI, HCTIOIB3YS
HEIMOCPEICTBEHHOE WHTETPUPOBAHUS U METOJI 3aMEHBI IIEPEMEHHOM.
TeopeTnueckue cBeeHHUsI K MPAKTHYECKO# padoTe
OyHKIISA F(X), oTpesieiCHHas Ha WHTEpBaJIe (a,b), HA3BIBACTCS Nepe8o0OPA3HOU
st pyrkimn f (X)), onpenenennoii Ha Tom xe unTepaie (a,b), econ F'(x)= f (x).
Ecim  F (X) — mepBooOpasHas s pyaknun | (X) , TO UJobas apyras
nepBooOpa3Has cD(x) s Gyakiun - f (X) ornuvaercss or F (X) HAa HEKOTOpOE
IIOCTOSIHHOE cjaraeMoe, T. €. CD(x) =F (x) +C, rne C —const.
Heonpeoenennvim unmeepanom ot pyuxnun f (X) HA3BIBACTCS COBOKYITHOCTH BCEX
NepBOOOpa3HBIX Il 3ToM  (yHkmuu. (OO0o03HAYaeTCsl HEONPEACACHHBIM HWHTErPa:
j f (x)dx=F(x)+C, rae F'(x)= f(x), C —const.

Onepanusi HaXOXJCHUW TEPBOOOPA3HON Uil JaHHOW (PYHKIIMM Ha3bIBACTCS
UHMe2PUPOBAHUEM. HNuTerpupoBanue SBIIAETCA oOpaTHOM orepanuen K

nudGepeHITIPOBaAHHUIO:

([ f(x)dx) = £ (x).

Jlns TpoOBEpKH TIPABUIBHOCTH BBIIOJHEHHOTO HMHTETPUPOBAHHUS HEOOXOIUMO
npoaudhepeHInpoBaTh Pe3yIbTaT UHTETPUPOBAHUS M CPABHHUTH IMOJYUYEHHYIO ()YHKITUIO
C MOJIBIHTErPAJILHOM.

CBOCTBA HEOTPE/ICTEHHOTO HHTErpaa:
1. (I f (x)dx)' = f (x); d_[ f(x)dx= f(x)dx;
2. [dF (x)=F(x)+C;

3. [Kf (x)dx=k] f (x)dx, k — const;

4. [(f(x)+ g(x))dx=j f (x)dx+jg(x)dx.

Tabnuya ocHOBHBIX UHMESPATIO8

1. deu =C; C=const; 2. jdu =u+C;



a+l

- du
3. |u“du = +C, a=-1L 3a. | ——==2Ju+C;
’ o+l JJE Wu
4. 'd—uzln\u\+C; 5. Ia”du: a +C;
Ju Ina
6. [e'du=¢e"+C: 7.jcosudu —sinu +C:
8. [sinudu=—cosu+C; 9. Icosz =tgu +C;
. u
- du u
10. =—ctgu +C; 11. _arcsm +C
Jsin“u : J'«/
12. 'd—uzln‘u+ u’+a’(+C; 13.I 2 zziarCtQE+C;
v 4’U2ia2 u +a a a
14, | Zd“ I N ik IS 15. j =Injtg 2|+ C;
‘u-—a 2a |u+a sinu
16. [9U_n tg (E+E +C; 17. jtgudu:—ln\cosu\+c;
J cosu 2 4
18. 'ctgudu:ln\sinuhc.

Kaxxnas m3 npuBeneHHbIX B Tabnuile (Gopmysa cripaBeasiiBa Ha MPOMEXKYTKE, He
coJiepKallleM TOYEK pas3pbiBa MOABIHTETPAIIbHON (DYHKIMHU. BbIduciieHne WHTErpaioB C
UCIIOJIb30BaHMEM TaOJMUIBI W OCHOBHBIX CBOWCTB Ha3bIBAIOT HEMOCPEICTBEHHBIM
UHTETrPUPOBAHUEM.

Ilpumep 1. Tlonap3ysach TaOmWIIE OCHOBHBIX MHTETPAJIOB W CBOWCTBAMHU

HEONPEACIICHHOTO UHTErpalia, HAWTH UHTETpalibl (PE3yJabTaT UHTETPUPOBAHUS IIPOBEPUTH

b depeHnrpoBaHrEeM ):
5 3% +1 5 16 — x*
a — +23x° |dx; O)|| ————+3-5"+ dx.
)'[L\lx2+7 x* } )I[llx2+2 4+ x j

Pewenue.



5 3+l . 5 3 1 _
a)j[JX2+7— v +2\/x_jdx=j( ’_X2+7_;_F+2X dx =

HUCIOJIb3yEeM CBOMCTBA 31 4 M pa300beM UHTETrPaJl OT CYMMBI
= GYHKIIMM HA CYMMY UHTETPAJIIOB, IPHU ITOM ITOCTOSIHHBIC =

MHOXHUTCIIN BBIHECCM 3a 3HAK MHTCIpajIoB

Ilposepxa:
:SJ- dx —3_[—— x‘4dx+2.[x5/6dx= HCIIOIB3yeM TaOJIMYHBIE _
Ix2+7 nHrTerpansl 12, 4,3
X—4+1 X5/6+l
=5In‘x+«/x2+7 —3In|x|- +2- +C=
A —4+1 5/6+1
2 1 12
:5In‘x+\/x +7|=-3In|x|+ 5 +=x"**+C.
3x> 11
[5In‘x+x/x2+7‘—3In|x|+3i3+%x“/6+cj =5(In‘x+\/x2+7) —
X
—3(In |X|)’ N l(x_3 )' N E(lee )' ¢’ JHcnonk3yem popmyiibl _
3 11 4, 3, 1 Tabaunbl IIPOU3BOIHBIX
, L (x2+7),
* 2 R Sy
(X+ x +7) 1 1 31,12 11 1161 2Ux%+7
=5. -3-=+=(-3)x +=-=-X =5.—== T~
X+x2+7 x 3 11 6 X+x2+7
X
14—
2 3 2
—E—%+2x5/6:5 Ix2+7 33X 4+1+26/X5:5 X2+ 7 + X B
X X X+ X2 +7 X (x+«/x2+7)x/x2+7
3 3
—3)(—4+1+2\6/X5 = > _3x 4+1+2\6/X5—BepH0.
X X2 +7 X
5 16 — x?
6)I[TZ+3-5X+ dx =5 ————< +3[5"dr+
11x° + 11/ x2 +
11
4—-Xx)(4+X 5 dx
+I( I )dx=— 2+3J‘5de+4jdx—jxdx:
4+ X 11 >
2
XS+ |
11

arctg

UCIOJIb3yeM (POPMYJIbI
13, 5, 2, 3 TaOnUIIBI HUHTETPAJIOB 11 \F

\F In5
11

1+1 X
+4x—x +C:iarctg\/ﬁx+35—+4x——+c
1+1 J22 2 In5 2

lIposepxa:

!

5 11 5" 1, ) 5 11
—1arctg,|—x+3—+4x—=x"+C arctg,[—x | +
V22 2 In5 2 «/22 2

' ' ucrnojb3yem popmynsl 14, 5, 2, 3, 1
+ 3 (5) vax—1(x2) +c= yen opmy _
In5 2 TaOJIUIIBI TPOU3BOIHBIX



1 11
5 2 3 1. -4 _ 5 2

= +——-5"In5+4.1-=2x"" = - +
V22,11 2 In5 2 V22 2+11%°
2

2
- 4-x)(4
+3-5% +4—-x= > 11-2 +3-5X+( X)( +X):
Jﬁ-ﬁﬁ(2+11x2) 4+X
2
o 2+3~5X+16 X — BEPHO.
2+11x 4+X

Memoo 3amenvt nepemennoii
Teopema 1. Tlycts X =@(t) MoHOTOHHAs, HenpepbiBHO auddepeHMpyeMast
dyHKIMsA, TOTAA
[ £09dx = f (ot)e()dt. (1)
[Ipu sTOoM, eciu j f(e()e'(t))dt=F({)+C, 10 j f(xX)dx=F(y(x))+C, rne

W (X) — ¢ynkuus, obpataas ¢(t).
®opmyna (1) HasbIBaeTCS ¢hopmynou 3amenvl nepemeHHoU B HEOIPEIACICHHOM

HHTCTpAaJIC.

Aneopumm 3ameHvl nepemeHHOU.
1) Ces3aTh cTapyro NMEpeMEHHYIO MHTETPUPOBAHHMS X C HOBOW IMEPEeMEHHOH t c
oMo 3ameHsl X = @(t) .
2) Haiitu cBs3b Mexny muddepermmanamu dx = ¢'(t)dt.

3) IlepeiiTu Mo 3HAKOM HMHTETpajia K HOBOW EpeMEHHOM.

4) IlpowHTErpUpoBaTh W B IOJYYCHHOM IEPBOOOpa3HON BEPHYTHCH K CTapoit
nepeMeHHoM, noactasus t=y(X).
IIpumep 2. ITpoUHTETpUPOBATH MOAXOSIIECH 3aMEHON EPEMEHHOA.

a) ICOS4xdx; 0) Iegx+1dx; G)Ix(Z—xz)de

Pewenue:



t=4x g dhopmyna 7
a) j cosdxdx = |dt = (4x)' = 4dx| = j coert == _[ COStdt = { TaBHIBI
dx = dt WHTETPaJIOB
4
:Esint +C :lsin4x+C.
4 4
t=9x+1 & 1 dbopmyna 6
0) IegXJ”ldx =|dt =(9x+1) =9dx|= Iet Et = §jetdt =< Tadnumpl =
dx dt WHTETPaJIoB
9
leicleme
9 9

Conep:kanne NpakTU4eCKoOi padoThbl

3aganue 1. BeruncnuTe MHTErpasbl.

7 x*+5 5 sin2x
1 —~ +3Vx |dx 7
)I x?+16 X J_] J 5x2 15 cosx]
2
2) J‘ 5 _ 2X +1O+46(X5 dx J' 2
J3+ X2 X 2212
3)_[ 2+x 2 +4e* |dx I 12 —3cosx+x =9 |dx
X Jx2+3 3+3x° X—3
3
4)I 8 L8 X_ 388 |ux I —2sinx+3* |dx
J5+x2 X 2x% +2
2 4x? -1 6  3sin®x-5
5)J' =+ —— —2%/x® |dx j -t dx
Ja—x X 3x° -9  sin®x
3c0s° x -2 16  3-x°
6) [ 3 X=2 535 |a [ 28 32X g ux
COS“ X 2X° -8 X
3aganue 2. [IpouHTEerprpoOBaTh MOAXOSIICH 3aMEHON IEPEMEHHOT 0.
xdXx 1-3x
1) e T dx
J.sm 23x J1/2+X2 J.
2) I(Zx —1)cos(x? — X) dx J'x 5+ x? dx Ieex+5 dx



3) (107 dx [sin > dx [
. . 2 5x+3
4 [ x?(3-x3)©dx [ cos2x dx [e5% cos xdx
r dx (i [ A7x-1
5 | —— sin2xdx 3" dx
Y xInx . .
6) [ Xax [sin(2—3x)dx %
J 1—X2 J Je

Ilpaxmuueckas paboma Nel?2
Tema: WHTErpupoBaHue no 4acTaMm.
Heab: chopMupoBaTh yMEHHE BBIUMCIATH HEOMNPEEICHHBIA HHTErpajl METOI0M

HHTCTPHUPOBAHUA 110 HACTAM.

TeopeTnueckue cBegeHUsl K MPaKTUYECKOil padoTe
Hexomopwie 6uodvl unmezpanos, 8bl4ucisieMblx o 4acmsam

Ecau npoussogusie pyukiuii U =U(X) u V =V (X) HenpepsIBHBL, TO CIpaBeinBa

dbopmyna:
jUdv =UV —deu, )

Ha3bIBaCMast YOpMYI0U UHMESPUPOBAHUS NO YACTISM.

B xauectBe U(X) 00bIYHO BBIOMparOT (DYHKLHMIO, KOTOpas YIPOINAETCS IPU
muddepeHITIPOBAHN.

HexoTopsie cTannapTHble citydan QYHKIIUN, HHTETPUPYEMBIX IO YacTsIM, YKa3aHbI B
tabmuie 1. Tam e maercs criocod BeiOopa muokuteneid U u dV .

Tabauma 1

Buo unmeepana | U —dU dv -V




.'Pn(x)sin kx dx dV =sinkxdx -V :—%coskx

[P, (x)coskxdx | U =Pa(x) > N
. dV =coskxdx -V :ES”] kx

n=12,.. dV =efdx -V :%ekx
Buo unmeepana | U —dU dv -V

JInkxPi (A |y s du =&
X

Jaresinkx Py (X)X | ) _ aresin ko > du = —<H

[ arccos kx B, (x)dx _ __ kdx
J U =arccoskx — dU —,_1_ 27 dV =Py (x)dx >

SV = j P, (X)dx

J arctgkx B (x| =arctgkx — dU __kdx
1+ k?x?

j arcctgkx B (X)dX| | — arcetg kx — dU ___kdx
1+k?x?

n=0,12,..

P, (X) — MHOTrOWIEH OT X cTemenu N, T. e. Py(X) =agX" +aX" ™ +...+a,, rae ag #0.

Ilpumep: IIpOMHTErpUPOBATH I10 YACTSM.
a) j(3x—1)sin 2xdx; 0) I(1+ 2x) In xdx.

Pewenue.



U =3x-1—dU =3dx

3x —1)sin2xdx = =(3x -1 (-
a)-[( x=1) e dV=Sin2XdX—>V=—COSZX 3x=1)(

dx =

COS2X COS2X
)+
2 2

= —l(3X —1)cos2x + §jcos 2xdx = —1(3x —1)cos2x + §sin 2x+C.
2 2 2 4

U=Inx—du =%
X
0) J(1+ 2x)Inxdx =|dV = (1+ 2x)dx — = |nx(x+x2)—j(x+x2)%=
X
v :_[(1+2x)dx:x+x2

2
:Inx(x+x2)—j(l+x)dx=Inx(x+x2)—x—x7+C.

Conep:kanne NpakTUH4eCKO padoThI

3auaHne: HpOI/IHTeI’pI/IpOBaTB I10 4aCTsIM.

1) :(7x—1)cosxdx .'arctg xdx

2) .'(6—5x)ex dx _’(7x+5)ln xdx
3) _'xcosxdx _'arcctg X dx

4) .'(1+ 2x)cos xdx .'arcsin x dx

5) :(8x—1)sin5xdx _‘(6+5x)ln xdx
6) _'xede _'(3x+2)|n xdx

Ilpaxmuueckasn paboma Nel3
Tema: BoruuciaeHue onpeae/ieHHbIX HHTErPaJioB.
Heab: chopMupoBaTh yMEHHE BBIUUCIATH OMPEACICHHBIC WHTETPAbl, UCIONB3YS
OCHOBHBIEC CBOMCTBA U Pa3JIMYHbIE METOJIbl UHTETPUPOBAHUS.
Teopernuyeckue cBeieHUsI K MPAKTHYECKOM padoTe

OnpedenenHvlii uHmezpal, e2o 8bIYUCIEHUE U CBOUCMEA

Onpeoenennvlii uHmecpal OT (I)yHKuHHf(X), HENPEPHIBHON Ha OTpPE3KE [a,b],

BBIUHCIISIETCS 10 popMyIIe:



Tf Jdx=F(x)|, =F(b)-F(a), (1)

rne F (X)— nepBooOpasHas s pyHkiuu f (X), T. €. F'(X) = f (X)
dopmyina (1) HaseBaeTcs gopmynot Hviomona — Jletibnuya.

Ceoticmea onpedenenHo20 unmezpaia.

b a a

l)jf(x)dx:—jf(x)dx; Z)If(x)dx:o;
3)b'f(x)dx=jf dx+ |

5)ICf( X)dx = CI x)dx, C —const;

b b
6) Ecnn f(x)<g(x) mms Beex xe[a,b], To jf(x)dXSJ.g(X)dX;

b
7) Ecin me( )<M IUTSL BCEX Xe[ab] TO M b a SJ.f dX<|\/I b a)
a

[Tpu BeIUKCICHUY ONPEEICHHOTO UHTETpala sl HaX0XKIEHUS 1epBOOOpa3HO
UCTIOJIB3YIOT T€ K€ METOJIbI, UTO M JIJIsi HAXOXKIACHUS HEOMPEEICHHOTO0 HHTErpaa,
T. €. 3aMEHY [IEPEMEHHOMN, HHTETPUPOBAHKE MO YaCTAM U T. 1. OJTHAKO €CTh s
ocobennocreii. [Ipu 3amene nepemennoit mo popmyne (1) HeodOxoaumMo B
COOTBETCTBHUH C 3aMEHOU MEHSTh MPEAEIbl HHTETPUPOBAHHUSL:

Tf )dx = j )

a

rae oo=y(a), B=y(b), t=y(X) — obparnas x X =@(t) pyHKumsL

®opmyna HHTErpupoBaHus 1o yactsaM (1) mpuoOpeTraer BUA:

]J'Udv =uv[ —TVdU, (3)



3
IIpumep 4. BEIMUCIUTH ONpeeIeHHbIA HHTErPall _[ (x* ~16x+3)dx

Pewenue.

3

3
= [X——sz +3x]
3
1 1

} 5-sr 3‘1] [12?7‘7219) 503

3

3 ) 3 2
{(x ~16x+3)dx =(——16 ?+3xJ

(——8 3+
3

—(9- 63(

—54——+5_—49——=—49—
3 3

Conep:kanne NpakTH4YeCKO padoThI

Sanaﬂne: Beraucautb OHpCI[CJ]CHHBIﬁ HHTCTPAJ.

2

1) _[(x3 +10x)dx 2) j:(Bx2 +6x—2)dx

1

3) i(x2 ~16x+3)dx 4) i(zlx—lg)dx

1 0

0

5) I(x3+8)dx 6) 1f(2x+7)dx

-4

Ilpaxmuueckas paboma Neld
Tema: IlpumeHeHMe omnpeae/ieHHOr0 HWHTerpaja Jjis BbIYMCICHUS IJIOLIAIAU
Guryp.
Hean: chopmupoBaTh yMEeHNE MPUMEHSTh ONMPENEIECHHBIN UHTETPAI JJI BEIYHCIICHUS
wiomaau guryp.
TeopeTnueckue cBeieHNsI K MPAKTHYECKO# padoTe
IInowaou nrockux gueyp

1. Boiuucnenue niowadeii niockux gueyp 6 0exapmogoti cucmeme KoopouHam

Ecmu mnockast ¢urypa (puc. 1) orpannuena muamamu Y = fi(X), y= f2(X), rae
fo(X)> fi(x) ans Beex xe[a,b], n npamevu Xx=a, Xx=b, To ee mIomwanp BboIUKCIHACTCS

o ¢opmyiie:

S :T(fz(x)— f1(x))dx. (1)



.]’J A VA

Y =) YR y=3x+2

. Ny A
o b X : ! -
I’_\/ M, / 4 o

v =fi(x)
Puc. 1 Puc. 2

IIpumep. Haiitu nnomanas GUrypbl, OrpaHUu4e€HHOMN JIMHUSAMMU:
y=x>—-2, y=3x+2.
Pewenue. Tloctponm cxemaruueckuiit pucyHok (puc. 2). st mocTpoeHust mapadoJibl

BO3bMECM HCCKOJIBKO TOYCK:

X 0 1 -1 2 —2 3 -3 4 —4

Y —2 -1 -1 2 2 7 7 14 14

J171s1 mOCTpOeHUsI IPSIMOM AOCTATOYHO ABYX TOYEK, HAIIPUMEDP (0, 2) U (—1, —1) :

Haiinem xoopaunatel Touek Mj; u M, mnepecedenus mapabonbl Y= X°-2 u
npsMoit Y =3X+ 2.

JI71d 3TOTO pemuM CuCTEMY YpaBHEHUM

J— 2_
{y_;( §’3x2_2=3x+2, X% —3x—4=0, x=-1 X2=4.
y: X+ .

Torma y1=3-(-1)+2=-1 y,=3-4+2=14. Urak, My(-1,-1), M>(4,14).
[Tnomans nomydenno ¢purypsl Haiinem no popmyne (1), B koTopoi

fo(x)=3x+2, fi(x)= X — 2, mOcKOMbKy fo (x) = fi(X) must Beex X €[—1,4]. Homyumm:



4

: ) ¢ ) 3x? X3
S:J1(3X+2_(X —2))dx=J(3x—x +4)dx:[7—?+4xJ

-1

-1

2 3 o 2 _ 3
_34 —4—+4.4—(3( V(Y +4-(—1)}=24—%+16—§—1+4:
2 3 2 3 3 2 3

:44_§_§:12_5: 20§ (KB.eII.)
3 2 6 6

2. Boluucnenue niowadeu ¢uzyp, oepaHuieHubix IUHUAMY, 3A0aHHbIMU NAPaAMempuyecKu

Ecmu dynkumn Y =Yy(t) u X=X(t) UMeIOT HeNpPePbIBHBIC IPOM3BOIHBIC IEPBOTO
nopsiika Uil BCeX te[to,tl], TO IUIOIIAJb IJIOCKON (DUTyphl, OrpaHUYEHHON JIMHHEH
x=x(t),
te [to, tl], npssMbIME X = @, X = b, rae a = X(to),
y=Y(t),

b =x(t1), uocero OX, BeIUHCIIETCS IO hOpMYIIE:

S= : (2)

tjly(t)x'(t)dt

Ilpumep. Haiitm 1omanbs QGUTypbl, OTPAaHUYEHHOW JMHUIMHU, 3aJaHHBIMU
napaMeTpUYECKH:

X =2cost, y=3sint, 0<t <2

Pewenue. JIns moctpoenust GUrypbl COCTaBUM TAaOJIMIlY 3HAYCHUN KOOpAUHAT (X, Y)

TOYEK KPUBOM, COOTBETCTBYIOIIUX Pa3InYHBIM 3HaueHusM mapamerpa {, 0<t <2

T 0 E T 3_75 27
2 2

X 2 0 -2 10 2

Y 0 3 0 -3 0




HaneceMm Toukwu (X, Y) Ha KOOPAMHATHYIO TIIOCKOCTh XOY
n coeauHuM IaBHouM suHued. Korma mapamerp

t usmensiercss or 0 70 27, COOTBETCTBYIOIIAs TOYKa

A -
(x,y) ONUCHIBAET  OJIMIC  (M3BECTHO,  4TO 0 2 X
X =acost
., 0<t<2n — mnapamerpuueckue (HOpMyJbl,
y =Dbsint

3ajalolye SUIMIC ¢ TonyocaMd a u b). Yuuresas Puc. 3

CUMMETPHIO (PUTYPBI OTHOCUTENBHO KoopAuHATHRIX ocet OX u OY, Haiigem e€ mioiaab
S, ymHoxuB Ha 4 twiomanas kpuBoiuHerHoi Tpanenuu AOB. Cormacuo dopmyne (2)
HOJIYYUM:

UCTIOJIb3yeM (opMyITy

S = BSInt(ZCOSt) dt| = 4|-6 [ sin®t dt| = { nonmwkenus crenenn

o'—.m\:l
o'—.m\:—l
Il

IS sin’ oL 13 TaOJIUIEI 2

T

1 cosZt t|=4|-3

|\>||—\

(1—cos2t)dt|=4 3(t—%sm2tj

—E sinm — 0—13m0 =43
2 2 2

Conep:xanune NpaKTHYeCKO padoThl

O'—.I\)\?—!

3
:4J'
0

44

3aganue 1. Haiitu miomans Gurypsl, OrpaHUdeHHON JTUHUSMHU.

0

=61 ~18,850 (KB. e):[.).

N a

1) y=x°-2, y=1-2x
2) y=x3, y=8, x=0
3) y=3x*+1, y=3x+6
4) y=x?, y=x+1

5) y=x2, y=2—x°

6) y=x>-1, y=1-x

3apanme 2. Halitu momaas QuUrypel, OrpaHMYEHHOW JIMHUSMHU, 3aJaHHBIMU

apaMeTPUUYECKH.

1) x=2t-t>, y=t(t-1), 0<t<l



2) x=t*-1, y=t>—t, 0<t<1

3) x=2sint, y=cost, 0<t<2n
4) x=Int, y=(t-1)(3-t), 1<t<3
5) x=1-cost, y=sint, 0<t<2rn
6) x=cost, y=1-sint, 0<t<2xn

IIpaxmuueckasa paboma NelS
Tema: BbruuciieHusi JJIMHbI AYTH.
Hean: chopmupoBaTh yMEHUE IPUMEHSIThH ONPEICICHHBIA UHTErpal JIsl BBIYUCIICHUS
JUTUHBL JYT.

TeopeTnueckue cBeeHUsl K MPaKTUYeCKOil paboTe

Jnuna oyeu niockoti Kpueoti
1. Bviuucnenue 0y2u n1ockou Kpugoi 8 0eKapmogulx KOOpOUHAMAxX

Ecnu kpuBas 3amaHa ypaBHeHuem Y= f (X), byukius  f (X) UMEET HEIpPEPHIBHYIO
NEPBYIO NMPOU3BOIHYIO MPHU BCEX X € [a,b], TO JUTMHA

y=f(x) B IyTH AB (puc. 4) o>TOM KpUBOM, 3aAKIHOYEHHOMU
MEKIY  TOYKAMH A(a,f(a)) u B(b,f(b)),

A / BBIUUCIISICTCS 110 hopMyIIe:

! b

a | h Y I@B:J. 1+(f’(x))2dx. (1)

a

L)

Puc. 4

2. Boluucnenue onunsl 0yeu Kpusou, 3a0aHHol napamempuyecKu
x=x(t)

, to <t <ty, m pyakoum X(t), y(t
RS () (1)

Ecnu xpuBas 3amana mapaMeTpuiIecKu {

MMEIOT HEIMPEPBIBHBIE MPOU3BOAHBIE |-TO MOpsiAKka MpU BCEX te[to,tl], TO JUIMHA JYTH

AB , COOTBETCTBYIOIIECH M3MEHEHHUIO Tapamerpa oT iy a0 1, Beluucasercsa no gpopmyie:



o= XOF (O e @

Ilpumep. Halitu nyiMHy Ayru KpUuBOu

a)y=x¥2, 0<x<1 6) Xx=2cost—cos2t, y=2sint—sin2t, 0<t<2m

Pewenue.

a) Tak kak KpuBas 3aJaHa B JEKApTOBOM CHUCTEME KOOPAMHAT YpaBHEHUEM

y=f (X), TO JUIS BBIYMCIICHHS UTMHBI AYTH BOCIoyib3yeMcs dopmynoit (1). Haiimem y':

1
y’ :gx2 U mojactaBuM B (1):

t:1+%,dt:gdx,dx:ﬂdt,
4 4

p 3 1Y [ 9 )
IRB:I 1+[—x2] dx=j 1+ —dx=|x=0->t=1, =
2 4
0 0

x=lo>t=1+2=23,
4
i 3 L [ 13/4 3
opMyIna 1 3
454 1 Y 412" g 37 8(13)2
=— J t2dt =< TabnuLBI =——| =—t2 =—||=—| =-1|=
9 ol | 27 27| 4
MHTErpaaoB 2

8 £13\/1_3
8

7 e —lj ~1,440 (C,Z[I/IHI/IH ,Z[JII/IHBI).

0) x=2cost—cos2t, y=2sint—sin2t, 0<t<2x.
KpuBas 3amana mapaMeTpHUCSCKH, TOATOMY BOCHONB3yeMcs dopmysioit (2). Haiigem
X'(t), y'(t):

X'(t) =-2sint + 2sin 2t, y'(t) =2c0st —2¢c0s 2t u moacTaBuM B (2):



2n
g = I \/(—Zsint +2sin 2t)2 +(2cost —2cos 2t)2dt =
0

27
- J J4sin?t —8sintsin 2t + 4sin? 2t + 4cos?t — 8costcos 2t + 4cos? 2t dt =
0

27
= J \/4(sin2t +coszt)+ 4(sin2 2t + cos? 2t)—8(costcosZt +sintsin2t) dt =
0

2n
= I \J8 —8costdt =

0

{I/ICHOJ‘IBBYCM TPUTOHOMETPUYECKUE (HOPMYIIbI }

sin” o +cos® o =11 cos(o —B) = cosocosP +sinosin P

ucrnoiabzyeM Ghopmyny
2n 21

:\/§J' J1—cost dt = sinzgzg(l—cosoc): :Zﬁj ,/Zsinzédt:
0 0

. o
—1-Cosa, = Zsng

2n

ot t|2"
:4_[ sin—dt =-8cos—
0 2 2

= —8(COSn —COS 0) == —8(—1—1) = 16(CI[I/IHI/ILI I[JII/IHI)I).
0

Conep:kanne NpakTU4eCKoOi padoThbl

3amanme: HailTu niuHy 1yrul KpUBOiA.

1) y=1+Incosx, OSXSE

2) x=t>-1, y=t3, 0<t<1

2
3) y=x3+1, 0<x<1

4)x:t2—1, y:%—tg, 1<t<?

2 1
5) y=x3, OSXSE

6) x=t>—4, y=t?, 0<t<2
Ilpaxmuueckas paboma Nel6
Tema: Bpruuciaenus od0bema ¢uryp.
Heab: chopmupoBaTh yMEeHUE TPUMEHSTh ONPEAEICHHbBIN UHTErpall Ji BHIYUCICHUS

o0bema ¢uryp.



TeopeTnueckue cBeJeHUsI K NPAKTHYeCKOl padoTe
Buviuucnenue o6vemos men epawenus
Ecnu Teno obpazoBaHo BpauieHueM BOKpYr ocu OX KpHUBOJMHEWHON Tpameuuw,

orpaHuueHHON KpuBoil Y = f (X), oceto OX u mpsameiMu X=a, X=D0b (puc. 1), To ero

00beM BeIUHCIIACTCS 110 hopMyJie:

b
V=n[(f(x)) dx (1)
a
V A VA
A4 >
.\1h 0 ]I X
) |
0 ' - , |
”: bl I
/ _ 4] y=—4
C| B ;
“ x=0 y=—4x
Puc. 1 Puc. 2

Ilpumep. Halitu oObeM Tena, MOJy4eHHOro BpamieHueM BOkpyr ocu OX ¢urypsi,
OTPAaHUYEHHOW JIUHUSIMU: Y =—4x3, x=0, y=-4.
Pewenue. TlocTpouM KpUBOIMHEHHYIO TpaNeIUIo, BpAIIEHUEM KOTOPOM MOydaeTcs: TeJo
BpaileHus (puc. 2).

YroObl Mmosy4nTh OOBEM TejIa BpalleHHs H3 o0beMa Vi Tena, MOJYYEHHOTO
BpamieauemM Gurypsl OABC, BerateM 00beM V) Tella, MOJyYEeHHOr0 BpallleHHEeM (DUTYPHI

OAB. Torma wuckombiii oovem V =Vj—-V,. Tlo dopmyne (1) waiigem Vi u Vj:

1
Vi = “I(_4)2 dx = n16x|t =16n (en. oobema);
0

; 3\2 r 6 X7 167
V, = nj(—4x ) dx :16nIx dx =16n— =— (ea. o0bema);
0 0 7 7
V=V, -V, =16n—- 167n = ?n ~ 43,085 (ex. oOnema).
Conep:kaHune NpaKTUHYECKOU PadOThI
3ananme: Halitu oO6beMm Tena, mosydeHHOTO BpamieHueM BOKpyr ocu OX ¢urypsr,

OFpaHquHHOﬁ JIMHUAMMU.



6) y=—4x3, x=-1 y=0

Ilpaxmuuyeckas paboma Nel'7
Tema: /leficTBUA HaX MAaTPULIAMU.

Heab: chpopMupoBaTh yMEHHE BBINOIHATh CI0KEHUE, BBIUUTAHUE U YMHOKEHUE MaTpHIL.
TeopeTnueckue cBeJeHNsl K MPaKTHYECKO# padoTe

Martpuynbie MOJEIM TPEACTABISAIOT COOOW MOJEIu, TMOCTPOCHHBICE B BHJIE TaOJIHII
(MaTpuIl).OTH MOJEIU HAXOJAT IIMPOKOE MPUMEHECHHE MPHU PEIICHWU TUTAHOBBIX WIIH
PKOHOMUYECKHUX 3a7a4 U Mpu 00paboTke OOIBIIMX MacCMBOB MH(popManuu. Marpuia —
npsMOyTrojbHas Tadauna yucen. Hanpumep:

ToBap Cxkunan 1 Ckian 2 Ckiang 3
Caxap 200 100 150
Conb 350 200 180
Myka 400 250 260

DTH JaHHBIE MOYKHO 3aMKcaTh B BUAE MaTPHIIBI (*)

200 100 150
350 200 180 =A (%)
400 250 260

KoaddunmeHTs! npy HEM3BECTHBIX CUCTEMBI INHEHHBIX YPaBHEHUM

3X-5y+z=14

X+3y-7z2=-22

2X+Yy-3Z=-6 MO>KHO 3aIKCcaTh B BUJIC MATPHUIIHI (**)
3 -5 1

1 3 -7=A(*)

2 1 -3

Martpuma-npssMoyronpHas Tabnuia grcel. JIFo6oe 9rciio TaKoro MaccuBa Ha3bIBACTCS
3JIEMEHTOM MATPHIIbL. PsiT yncen, pacnoloKEHHBIX B MATPULIE TOPU3OHTAIIBHO
HA3bIBACTCS CTPOKOM, a BEPTUKAIBHO — cTOJI0IOM. KOIM4ecTBO CTPOK — M, KOJIMYECTBO
CTOJIOLIOB — N, eclii M=N — MaTpulla KBaJgpaTHas

PazmepHOCTH MaTpUIBI — KOJTMYECTBO JJIEMEHTOB B HEM.
_all al2

a2l a22



BoobOpaykaemas TMHUS KBaJIpaTHOM MaTpPUIbl, IEPECEKAIOIAs €€ OT a11 A0 amn HAa3bIBAETCS
IVIABHOM nuaroHanero.KBagpaTtHas maTpuua, B KOTOPOM BCE 3JIEMEHTHI, KpOME
PACIIOJIOKEHHBIX Ha TNIABHOM AUArOHAJIN, PABHBI HYJIIO, HA3bIBAETCS

IUaroHajJbHOW. JlnaronanbHas MaTpyuLa, y KOTOPON BCE JIEMEHTHI, PACIIOJIOKEHHBIE I10
TJIABHOM IMAarOHANIM — €JMHHULIBI, HA3bIBAETCS €IMHUYHOM.

Martpuna, cocTosias u3 0OIHOT0 CTOJIONA, Ha3bIBAETCS BEKTOP-CTOJIOLOM.

Marpuna, cocrosias u3 OAHOU CTPOKHU, HA3bIBAETCSA BEKTOP-CTPOKOM.

CymMoil (pa3HOCTBIO) IBYX MaTpull A U B, nMeromux McTpok UNCToIO0B, HA3bIBAETCSA
MaTpuila, MOJyYeHHasl B PE3yIbTAaTe CIOKEHUS (BHIYUTAHUS) OJTHOMMEHHBIX AJIEMEHTOB
matpuil A u B. Ilonyuaemas B pe3ynprate MaTpulibl C HIMEET Ty K€ pa3MepHOCTb M*N.
Martpuiy MOKHO YMHOKHATh Ha YHCJIO, AJISI 3TOrO HAJA0 Ha 3TO YUCIO YMHOXHUTbH KaKIbIi
AJIEMEHT MAaTPHULIBI.

YMHOX€EHHE MaTpUIIbI-CTPOKH Ha MAaTPULy-BEKTOP:

A=(al, a2, a3) —BeKTOp-CTpOKa.

b1
B= |p2 | - BekTOp-cTONOCT

b3
C=A*B = a;-b1+ a»-b,+az-bs =E?=1 ai - bi
[TpousBeneHueM ABYX MaTpHIl - MaTpuilbl A(M-N) Ha Matpuiy B(n-p) — Ha3biBaeTCs
maTpuaC(m-p), Kask/plid 3JIEeMEHT KOTOPOU BBIUYHCIISICTCS T10
n
dopmyne: Cij = Y ik by
k=1

Conep:kanne NpakTU4eCKoOi padoThbl

3apanue 1: CoXUTh MaTPHUIIBI| i g|= A; | g E| =B.

3aganue 2: Berdaects U3 MaTpuilel A MaTpuily B: A:|z 2 |; B=| i i B
5
3amanue 3: YMHOXHUTh MaTpuily A Ha matpuny B:A=|2 3 4|; B=|s |.
7
3ananue 4: Ci0XUTh, BBIYECTh U YMHOXKUTh KOXKAYIO MaTpUIly Ha S :
0 1 1 2 1 8 -5 9 -1 2
A)Az[ jI/IBzﬁ_ j 6)A=|76 4| B=|6 3 1
4 -8 3 -4
-13 2 4 -8 17

Ilpaxmuueckasn paboma Nel8
Tema: HaxoxaeHue oOpaTHON MAaTPULBI.
Hean: chopMupoBaTh yMEHHE HAXOXKIACHUS 0OPATHOM MATPHIIHI.
TeopeTnueckue cBeeHNUs K NPaKTU4eCKOil padoTe
OnpenenuTenb BTOPOTO MOPSIKA BRIYUCISIETCS TI0 popmyre:

4y

AA= =@y, ay,—a,,"a,, PE3YJIbTAT BBIYUCICHUS — JI000€ JEHCTBUTEIHHOE

Qy Ay

YHCJIO0.



2) 1151 BBIYMCICHUS ONIPEACTUTENS TPEThETro Mopsiaka (MaTpullbl 3%3) NpUMEHSIOT

npaBuiio TpeyroibHuka (Cappyca), 0 KOTOPOMY COCTaBISIIOT (POpMYJy, aHAJOTUYHYIO
dopmyine myHkTa 1.

«t+» «=»

DJIEMEHTHI TJIABHOW JUATOHAIM U €€ Mmapajulesiedl YMHOXAIOTCA CO 3HAKOM «ILTIOCH,
9JIEMEHThl TOOOYHOM JMaroHald W ee Tnapauieied — CcO 3HAaKOM «MHUHYCY,
TOTJA:

4y dip Oy

AA=|ayy Gy,  Gpa| =041y Ayt Ay~ Agy Gy +Qyp - Uyy Ay —Ayy - Ay Gy — gy Aoy~ Uy — g~ Uy A
U3, d3zp dg3

3) ;s BBIYKMCIICHUST MAaTPHUIIbI, 00paTHON JaHHOW, HEOOXOUMO:

1. Haittu onpenenurens A 3aaHHON MaTpHIlLl o popMyrnam nyHKTa 1 u 2.
2. Haiitu anrebpanueckue AOMOTHEHUS TI0 opMyJsIaM:

+1|@20  Qp3 +2 |21 Qys
Allz(_ 1)1 ) AlZZ(_ 1)1
a3, d3;3 a3y 33
+3 |d21 ay,
Al3:(_ 1)1
a3y ds;
211|123 2+2 |11 a3
A21:(_ 1) , Azzz(_ 1)
A3y iy dz; Qa3
2+3|%1 ay
Azsz(_ 1)
a3, a3
311 |12 y3 312 (11 i
A31:(_ 1) ' A32:(_ 1)
Ay dy3 Ay Ay
313 (G Gy
A33:(—1)
dy Ay
4, A, 4
3. CocTaBUTh MaTpully: | 4,, A,, A
Ay A Ay
TpancnopTrpoBath €€ (CTPOKH U CTOJIOIBI TOMEHSITh MECTAMH )

All AZl A31
A'=| A4, A, A4, | v HaWTH OOpaTHYIO MATPHUILy 1O hopmyJIe:
A13 A23 A33



Ay A Ay
A A A
A A A
Ay Ay Ay
A A A
4. TlpoBepka mpou3BOUTCA 1O popMmyie:

1 0 0

A-A*=E=|{0 1 0
0 0 1

Conep:kanne NpakTH4YeCKO padoThI

3aganme: Berunciauth 00paTHYIO MaTpPHUILy, BBITIOJHUTH IPOBEPKY:

2 -3 1 3 —4 5
1)A=G i) HB=(3 -1 0 yc={2 3 1
101 1 3 -5 —1
41 1 2 1 -1
HD={1 3 1] 5)F=3 2 -2
11 2 1 -1 2
2 -1 1
6)A=(:; i) nNB=(3 2 -1
2 0 -1

Ilpaxmuueckas paboma Nel9

Tema: Pemenne CJIAY pa3iuuHbIMH METOAAMHU.

Heab: cdopmupoBaTh yMEHHE BBINIOJHATH  PEHICHHE CHUCTEM  JIMHEHWHBIX

anredpandecKnx ypaBHEHUN pa3IMYHbBIMU METOIAMH.
TeopeTnueckue cBeeHUs K NPaKTU4eCKOil padoTe

[Tpu pemenun cuctemsl ypaBHeHu# o dhopmynam Kpamepa HeoOXoaumo:

1) Haiitu omnpenenutens A  MaTpuilbl CHCTEMBI, KOTOpas COCTOMT W3
K02 (PUIIMEHTOB NMPU HEU3BECTHBIX X, Y, ZIIO MPaBUIy TPEYTOJIbHUKA.

2) CocTaBUTHh MaTPHITY-CTOJIOEIT CBOOOTHBIX KOA(PDUIIMEHTOB.

3) Haiitu onpenenutens Npu NepBOM HEU3BECTHOM (X). sl 3TOro HY>KHO BMECTO
MEPBOTO CTOJIONA MATPHUIIBI CUCTEMBI TIOJICTABUTH CTOJIOEI] CBOOOIHBIX KOA(D(DHUIIMEHTOB U
Hath Ax.

4) Ananoruuno onpeaenuts Ay u Az.

o AX Ay Az
5) Haiitn X, YV, Z mo ¢popmyiam x = Ly = , 2= . Cnenartbs IpOBEPKY.
) y (opmy. VARV VG POBEPKY

6) Ecmu A =0, To cuctema penieHuii He UMEET.



[Tpumep perieHus: CUCTEMBI TPEX JTUHEHHBIX YPaBHEHUH C TPEMSI HEU3BECTHBIMHU 10
dbopmynam Kpamepa

819X +819X +ay3Xg =0y
891X] TagoXy +a93Xg =by
831%) t8gpXy +ag3Xg =Dy
Koo GpUIUenTE IPU HEU3BECTHBIX COCTABIISAIOT MATPUILY CUCTEMBI A

41 %2 A3
A=lay a5 8,4 , @ CBOOOIHBIE KOA(PDUIIMEHTHI
831 %32 %33
by
MaTpHIy — cronben B=|b,
b
det A=A (ompenenuTenb CUCTEMBbI )
%1 %2 %3
A=lay) 8y 8ng #0
431 432 433

Ecnu B onpenenuresne noouyepeHO MEHATH CTOI0EI] KO PUIIMEHTOB TIPH X1, X2, X3
Ha CTOJ0e1] CBOOOAHBIX KOI(PDHUIIUEHTOB, TO MOJTYYUM CIEAYIONINE ONPEETUTEIN

b1 a,, al3 ajp by ay
AX;=[py 8y ay3 AXy=layy by ays

by az, ags a3y b3 a3

all a12 bl Ax1 sz Ax3
Ax3:a21 a22 b2, mozdaxlzT, XZZT’ X3:T

331 3 bj

Pewenuem cucremsl GYZ[GT ABJAATBCA KOHCYHAA IIOCIACAOBATCIBHOCTD 4YHMCCII C1, Co,

C3, TMPHU KOTOPBIX KaXJ0€ YypPaBHEHHE CHCTEMBbl OOpallaeTcss B BEPHOE YHCIOBOE
PaBEHCTBO.

Oc0OEHHOCTH peIeHNS
A=0, Axi #0,1=12,3 cucmema pewenuti ne umeem

1)

AX 4 5 3= 0 xoagguyuermvl npuneussecmuvix nPONOPYUOKLIbHBL

CucTtema UMeeT MHOKECTBO PEILICHU.
[Ipumep 1. Pemuth cucremy ypaBHEHMIA:



5x+8y+Z =2 @
X-2y+6Z=-7 (2)
2X+y—-2=-5 (3)

Pemenue:
5 8 1 2
A=|3 -2 6 B=|-7
2 1 -1 -5
R EINE Y
A =107
IIpoBepka:

Otger: (-3; 2; -1).

Merton IMaycca (MeTo1 HCKITIOUEHUS TIEPEMEHHBIX)

1) Ha nepBom MecTe B CHUCTEME YpaBHEHUW JIOJDKHO CTOSITh YpaBHEHUE,
K03 (OUIMEHT Nepe MePBbIM HEM3BECTHBIM B KOTOPOM CaMblii HAMMEHBIITUH.

2) HckmounuTh MOCIEN0BATEIbHO MEPEMEHHbIE U3 YpaBHEHHH IMyTeM YpaBHEHUS
K03()PUIIMEHTOB Mepe]l HUMHU U alre0pandecKoro CI0KEHUS.

Ilpumep: Pemunuts cuctemMy ypaBHEHUM:
X+2y-Z2=4 (1
2Xx-y+3Z2=9 (2)
x—=2y+2Z=3 (3)

Pewenue:

1) Ilepenuiiem cucteMy B BUJE
X=2y+2Z2=3 O3 2
x+2y-Z=4 (2)
2x—y+3Z2=9 (3)

3X+2y-Z=4

@-M3 5 eysoz-9 @

8y—7Z=-5

2X—-y+3Z =9

(3) ()2 2X—-2y+4Z =6 (3)

3y-Z=3

2) 3anuiieM HOBYIO CUCTEMY:



X-2y+2Z2=3 (1)
8y-72=-5 (2)'3
3y-2=3 3)' 8

(3)-8-(2)-3

24y —8Z =24

2y —21Z =-15

13Z =39 3)"

3)

X—=2y+2Z2=3 (D 8y -21=-5

8y-7Z2=-5 (2 = 2=38y=16 X—2-24+2-3=3
1372 =39 (3)" y=2

x=1

3:142:2-3=4 4=4(B)
Ilpogepka:2-1-2+3-3=9 9=9(B)
1-2-2+2-3=3 3=3(B)
Otger: (1; 2; 3).
Conep:kanne NpakTU4ecKol padoThbl

3amanme 1: Pemuth cuctemy JIMHEHHBIX YpaBHEHUM MeTogoM Kpamepa:

1)

3)

] 5x+8y+z=2;
63;: jF: 15;[ 2) {3;«;— 2y + 62 = —7;
' Y= 2x+y—z=-5

X+4y+2z=-1; 3x+y—z=17;

2x—3y+z=-7; 2x—Ty+z =—4;
4){

Xx—4y=-5 Xx—y+3z=3

3aganue 2: PemmTh cuCTeMy JTUHEHHBIX ypaBHEHHMN MeTooM ["aycca:

2x+y—z=1; 2x+y—3z=-bh;
1){x+3r+z=1; 2)::{—2}'4—23:1?;
3Xx—y+z=4 Xx+y+3z=4

X—3y+4z+5t=6;

3x—by+z=-1; _ _A.
3) {12:{4— 3y— 15z =42 4) 32;j5}r_|:|_352__ 2‘1}]’.
—3x+4y+2z=—1 Y P

2Xx+4y—10z+t =-26



llpaxmuuyeckas paboma Ne2(

Tema: BeinmosiHeHre omepanuii HaJ MHOKECTBAMHM.
Heab: chpopMupoBaTh yMEHHUE BBINOIHATH ONEPALUU ¢ MHOKECTBAMHU
TeopeTnueckue cBeieHUs K NMPaKTHYECKOil padoTre
MHOX€CTBO — OTHO U3 OCHOBHBIM NOHSATUHA MaTEMATHKH.

MHO0XeCTBOM Ha3bIBAE€TCS COBOKYMHOCTh HEKOTOPBIX 3JIEMEHTOB, 00bEIMHEHHBIX
KaKUM-JIHO00 OOIIMM MPHU3HAKOM. DJIE€MEHTaMU MHOKECTBAa MOTYT OBITh 4MClia, (PUTYPBI,
MpPEeAMETbI, HOHITHS U T.II.

MHoxecTBa 0003HAYAKOTCS MMPOIMHUCHBIMHA 6YKBaMI/I, a OJICMCHTBI MHOXKCCTBO
CTPOYHBIMHU 6YKB3,MI/I. DJeMEHThHI MHOXKECTB 3aKJIIOYaIOTCS B (1)I/II‘ypH]':»IC CKOOKH.

Ecnu sneMeHT X MpUHAANE)KUT MHOXKECTBY X, TO 3amuchiBaloT X € X (€ —
PUHAJUIICHKHUT).

Ecnau mHOXECTBO A sIBIISIETCS 4acThi0O MHOXeCTBa B, To 3anuceiBaroTr A € B (€ —
COJICPIKUTCS).

MHOXeCTBO MOXET ObITh 3aJ1aHO OJHUM U3 JIByX CIOCOOOB: MEPEUUCICHHEM U C
NOMOILBIO ONPEAEISIONIETO CBOMCTBA.

JIBa muoxectBa A u B paBHbl (A=B), ecau OHU COCTOAT U3 OJHUX U TEX XK€
AJIIEMEHTOB.

Hamnpuwmep, ecniu A={1,2,3,4}, B={3,1,4,2} To A=B.

O60benunenneM (cymmoii) MHOkecTB A W B HazbiBaeTcsi MHOxkectBo A U B,
AJIIEMEHTBI KOTOPOTO MPUHAAJIEKAT XOTSI ObI OTHOMY M3 STUX MHOMKECTB.

Hanpumep, ecmu A={1,2,4}, B={3,4,5,6}, 70 A U B ={1,2,3,4,5,6}

ITepeceuenuem (mpousBeneHueM) MHOKECTB A U B HazbsiBaeTcsi MHOKECTBO A N B,
AIIEMEHTHI KOTOPOTO MPUHAAJIEKAT KaK MHOXKECTBY A, TaKk M MHOKeCTBY B.

Hanpumep, ecmn A={1,2,4}, B={3,4,5,2}, o AN B={2,4}

PazHocthio MHOXXECTB A u B Ha3piBaeTcsi MHOXKeCTBO AB, sjeMeHTBI KOTOPOTO
MPUHAIC)KAT MHOXKECBY A, HO HE MPUHAJJIC)KAT MHOKECTBY B.

Hanpumep, ecrm A={1,2,3,4}, B={3,4,5}, o AB = {1,2}

CuMMeTpUYHON pPa3sHOCThIO MHOXKECTB A W B Ha3piBaeTcss MHOXKecTBO A A B,

aBisioleecs: oobennHeHueM pasHocTeil MHoxkecTB AB u BA, to ectb A A B = (AB) U
(BA).

Hanpumep, ecmm A={1,2,3,4}, B={3,4,5,6}, To AAB={1,2} U {5,6} = {1,2,5,6}
Ceoucmesa:

CBolicTBa NEPECTAHOBOYHOCTH



AUB=BUA
ANB=BNA
CoueraTenpHOE CBOMCTBO:
(AuB)uC=Au((BuUCQC)
(ANB)NC=ANBNC)

Kpyru Diinepa (Diinepa-Bena) — reomerpuueckas cxema, ¢ MOMOIIBIO KOTOPOM
MOXHO  M300pa3uTh OTHOIICHHS MEXIYy IMOJMHOXECTBaMHU, JUIsl  HArJAIHOTO
IIPEJICTaBICHHUS.

Ilpumep: Cpenn MIKOIBHUKOB IIECTOr0 Kjacca MPOBOAUIOCH AHKETHUPOBAHHE I10
moOuMbIM  MynbTQuiIbMaM. CaMbiMH TOMYJISPHBIMU OKa3ajJuCh TPU MYJIbTHUIbMA:
«benocuexka u cemb rHOMOBY, «I'yOka boo KBanpatusie IlITanbry, «Bojk U TelIeHOKY.
Bcero B knacce 38 yenoBek. «benocHekKy U ceMb THOMOBY» BblOpanu 21 yudeHuK, cpeau
KOTOpBIX Tpoe Ha3Banu eule «Boik u TenaeHok», mectepo — «['yoka bod KBamparhbie
[rtane», a oAMH Hamucal Bce Tpu MylbThuibMa. MynbTduibMm «Boiak U TeneHOK»
Ha3Basu 13 peddr, cpeau KOTOPHIX MSATEPO BhIOpanu cpaszy jBa MylbTduiibMa. CKOJIBKO
yesioBeK BeIOpanu MynbThuibM «I'yOka boo Ksanparusie Lltanbin?

Pewenue: B >Toii 3amaue 3 MHOXKECTBA, U3 YCIOBUM 3a7ayd BUJIHO, YTO BCE OHHU
nepecekaroTcs Mexay coboit. [Tomydaem Takon yepTex:

"benocHexka "Iy6ka bo@
M cemb rHomoe" E KeappaTHeIe WTAHLI"

2

"Bonk u TengHokr"

VYuuteiBast ycioBUe, YTO Cpelu peOsAT, KOTOpble Ha3Bamu MyIbThuiIbM «Bomk u
TEJICHOK» TISATEPO BHIOpANIN Cpa3y ABa MyJIbTHUIBEMA, TOTYIaeM:

"BenocHexkka "Iy6ka bob
M cemb rHomoe" E KeaapaTHele wraHsL"

/3

"Bonk 1 TeneHok"
21 —3-6—1= 11— pebsaT BeIOpanu TONbKO «beTOCHEKKY ¥ CEMb THOMOB).
13-3-1-2=7—pebAT cMOTPAT TOJIBKO «BOJK 1 TEICHOKY.

[Tomyuaem:



"benocHexka "I'y6ka bo6
U cemb rHomoe" E KeaapaTHele WwTaHer"

20

"Bonk u TeneHok"

38-(11+3+1+6+2+7)=8 — uenoBek cMOTpAT ToJIbKO «['yOka boO KBamparHsie
[ITaubI».

Henaem BbIBOA, uTo «['yOka bo0 KBaapartuwie IllTans» BeiOpanu 8 + 2 + 1 + 6 = 17
YEJIOBEK.

Otger. 17 yenoBek BoiOpasin MynbThuiIbM «I'yOka bod KBagparusie LlTanbi.

Conep:kanune NpakTH4YeCKO padoThI

3apanme 1. 1) Hatitu maoxxectea ANB, AUB, A/B, B/A, ecau:
a) A={e, o, p, X} B={x, y}

0) A={x: -3<x<4} B={x: 0<x<6}

B) A={2"+1}, B={n+1} neN

2) Haittu muoxectBa ANB, AUB, A/B, B/A, ecnu:

a) A={12, 13, 14, 15} B={12, 14, 16}

0) A={x: 0<x<2} B={x: 1<x<4}

B) A={3-(n+1)}, B={n+5} neN

3ananme 2. 1) Ha 1 kypce yuarcsa 200 cryaenToB, 106 U3 HUX 3HAIOT aHIJIMHCKUI SI3bIK,
60 — Hemenkuii, 92 — dpaHmy3ckuii. 24 cTyaeHTa 3HAIOT aHTJIMHCKUN 1 HEMEIKUH SI3BIKH,
36 — anrymiickuit U Qpanmy3ckuid, 30 — HeMenKuid U QpaHIy3ckuid, 14 — Bce Tpu sA3bIKA.
OcTanbHbIE 3HAIOT TOJIBKO OJIMH UCITAHCKUH 53bIK. CKOJIBKO CTYJICHTOB 3HAIOT:

a) TOJBKO OJIUH SA3BIK?
0) HCTTAaHCKHH S3BIK?
B) TOJIbKO HEMELKUUN A3bIK?

T') 3HAIOT aHTJIMUCKUI W HEMELKUN, HO HE 3HAIOT PpaHIly3CKuii?



2) Ha 1 kypce yuatcst 200 crymenTtoB, 106 M3 HUX 3HAIOT AHTIMHCKHNA SI3bIK, 60 —
HEeMeLKH, 92 — ppaHiy3ckuil. 24 cTyJqeHTa 3HAIOT aHIIMIUCKUNA U HEMELKHUM S3bIKH, 36 —
anrmiickuii 1 gpanirysckuit, 30 — Hemenkuili u Qpaniy3ckuii, 14 — Bce Tpu s3bIKA.
OcranpHbIE 3HAIOT TOJIBKO OJAWH UCIAHCKUU A3bIK. CKOIBKO CTYAEHTOB 3HAIOT:

a) pOBHO JIBa A3bIKa?

0) TOJIBKO (PpaHIly3CKHUI SI3bIK?
B) 3HAIOT HEMEIKUI U (ppaHIy3CKUM, HO HE 3HAIOT aHTJIMUCKUINA?

I') HE 3HAIOT UCTIAHCKUH S3BIK?

llpaxmuueckas paboma Ne2 |
Tema: KoMIJIeKCHBIE YHCJIA U JelCTBUSA HAX HUMH

Heﬂb: C(I)OpMI/IpOBaTB YMCHUC BLITIOJIHATH CIIOKCHUC, BBIYUTAHUC, YMHOXKCHUC U JICIICHUC
KOMIIJIICKCHBIX YHCCJI

TeopeTnueckue cBegeHUsl K MPaKTUYECKOil padoTe

CHauaJia BCIIOMHUM «OOBIYHBIE» 4YHCJIA. B MareMaTHKe OHU
HA3bIBAIOTCS MHOKECTBOM JIeCTBUTEJIbHBIX UKce U 0003HavaroTcsa OykBoit R.
PaccmoTpuM gelCTBUTENBHBIE YKCIIA HA YU CIIOBOM MIPSAMOU:

-7 V2 e
+ T

———0—00——00—— 0
3 w

" 0 1 55 X

2

31ech U 1eNble yncia, U ApoOH, U uppaloHalIbHbIe yucia. [Ipu 3ToM Kaxaoi Touke
YUCJIOBOM 00s3aTEILHO COOTBETCTBYET HEKOTOPOE JCHCTBUTEIBHOE YHCIIO.

KoMImiekcHBIM 4HCIIOM 2 Ha3bIBaeTCs yucio Buaa Z=a+bi,rnea ub —
JIEHCTBUTENBHBIC YMCIIA, | — TaK HA3bIBAEMAas MHUMAS eOUHUYA.

Yuciao a Ha3sIBaeTCs deticmeumeibholl yacmoto RezZ kommiaekcHoro uncna Z , yuciao b
Ha3BIBACTCSI MHUMOU Yacmblo |MZ KOMIIJIEKCHOTO Yncia Z .,

a+bi —sro EJMHOE YMCIJIO, a He ciiokeHne. JIelCTBUTEIBHYIO U MHAMYIO 9acTH
KOMIUIEKCHOTO YHCJIa, B PUHITUIIC, MOXKHO TIEpecTaBUTh MecTamu Z=a+bi: wim
MePEeCTaBUTh MHUMYIO eUHUITY: Z=a+Di — OT 3TOro KOMIUIEKCHOE YHCIIO HE
n3MeHuTcs. Ho cTaHIapTHO KOMIJIEKCHOE YHCJI0 MPUHSATO 3aNMUCHIBATH HMEHHO B
TaKoM mopsiake: Z=a+Dbi

UToOBI BCE OBLIIO MOHSATHEE, Cpa3y MPUBEAY T€OMETPHUUECKYIO HHTEPIPETAIUIO.
KowmriiekcHbie unciia n300paxaroTcs Ha KOMAIIEKCHOU NIIOCKOCUL.

MHO0KeCTBO K& KOMILIEKCHBIX YHCeJl TIPUHATO 0003HAYATH <«OKHPHOWY WITH
yTonmeHnHoit 6yksoii €. ITosToMy Ha yepTexe cleayeT NoCTaBUTh OykBy &,
o6o03Hauas TOT akT, YTO y HAC KOMIUIEKCHAS TI0CKOCTh/ KoMIIeKCHas TJI0CKOCTh
COCTOMT W3 ABYX oceii: Rez — neiictBuTenbHas 4yacth, |MZ- MHUMAas 4acTb.



[IpaBuna opopmiieHus yepTeka NPaKTHUYECKH TAKUE K€, KaK U ISl YUepTeka B IEKapTOBOM
cucrteme KoopauHar. 110 ocsiM Hy>KHO 3a1aTh pa3MEPHOCTb, OTMEYAEM: HOJIb; EAUHULLY 110
JNEUCTBUTEIIBHON OCH; MHUMYIO €IMHULY ¢ 110 MHUMOM OCH.
ITocTporM Ha KOMIUJIEKCHOM INIOCKOCTH CIIEAYIOLIUE KOMIIJIEKCHBIE YUCIIA!
z,=0 z,=-3 z;=12

1) ]
Zy =1 25=—-.|'§:é z, =4

) ]
2, =243% zg=-44i zg=-3-3 zp=~2-1

] ] ]

i = R U SRR R ——

Rezé

Paccmotpum crienyromue KoMIieKcHbIe uncna: Z;=0; z,= -3; Z3= 2 — 3TO KOMIUICKCHBIS
yycia ¢ HyJIeBOM MHUMOW yacThio. OHU pacroiaratoTcs CTpOro Ha JAEHCTBUTEIBbHOM
ocu Rez

Yucna z4= i; Xs = -3 1i; Zg = 4i, — 370, HA00OPOT, YUCTO MHUMBIE YKCIA, T.€. YUCIA C
HYJIEBOM JEHCTBUTENBHOM YacThio. OHM PacIIoIararoTcsl CTpOro Ha MHUMOM ocu Im z
B uncnax 27 =4 % P T —4 i T B U J2-i W JCHCTBUTENIbHAS U MHMMAas 4acTU
HE paBHBI HY/I10. Takue uncia Toke 0003HaYalTCs TOYKAMHM Ha KOMILUIEKCHOM IIOCKOCTH,
OpyU 3TOM, K HHUM IPHHATO IPOBOJUTH PpaaUyC-BEKTOPHI M3 Hayajga KOOpPIHHAT
(o0o3HaYECHBI KPAacHBIM IIBETOM Ha dYepTeke). Paamyc-BeKTOpHI K YHCIaM, KOTOPBIC
pacrojiaraloTcsi Ha 0CsiX, 0OBIYHO HE YCPTAT, IOTOMY YTO OHH CIMBAIOTCS C OCSIMHU.
Ci10skeHHe KOMILIEKCHBIX YHCeJT

[Mpumep 1. CoxkKThb 1Ba KOMIUIEKCHBIX Yncaa <1~ I+3 z;=4-%



JI1st TOro 4TOGBI CIIOKHTH JIBa KOMIUIEKCHBIX YHCIIA HYXKHO CJIIOKUTH UX JIEHCTBUTEIbHBIE
M MEMMEIE YaCTH: otz =1+3i+4-5i=5-2

BoeluuTaHHE KOMILICKCHBIX YHCEJI

[pumep 2 HaiiTi pasHOCTH KOMIUIEKCHBIX Yncel “1~ %2 g 2~ 71,

eCIH 21:—2+1’ zg=ﬁ+5x

JleficTBHE aHAJIOTUYHO CJIIOKCHHIO, €AUHCTBECHHAS OCOOCHHOCTh COCTOHMT B TOM, UTO
BBIYMTAEMOE HYKHO B3SITh B CKOOKH, a 3aT€M — CTaHAAPTHO PACKPBITh 3TH CKOOKH CO
CMEHOM 3HaKa:

z) -z, =2 4i— (345 =2 4+i- B -G =2- .34

I[efICTBHTeHBHaSI JacCTb B OTOM YUCJIC — COCTaBHAAd: ~ 2= "E . I[.HSI HarjiIsiAHOCTH OTBET

MOJKHO Iepercarh tak: 21~ 22 =72~ f3)-4i
PaccunTaem BTOPYIO PasHOCTb:
Z,— 7 =34 (2D =32 i =243 4

311ech IeHCTBUTENBHAS YACTh TOXKE COCTABHAS: 2 +f3
UToObI HE OBLIO KaKOM-TO HEJIOCKA3aHHOCTH, MPUBEAY KOPOTKHUI IPUMEP C «HEXOPOIIIEH»

MHHIMO#T gacTpro: 1T 24T -G =64 (/2 -3 . Bot 31ech 6e3 ckoO0K yke He 00ONTHUCH.
YMHOKEHNEe KOMILIEKCHBIX YHCeJI

]
Hactan MOMEHT mNO3HAaKOMUTB BaC CO 3HAMEHUTBLIM PAaBCHCTBOM: i =-1

z=1-1

[Tpumep 3 Halitu npou3BeeHNE KOMIUIEKCHBIX YHUCE C e T 3+6i OueBuaHO, YTO

2,2, = (=80 +5) janee HAO PACKPHITH CKOOKH 110

IMPOU3BCACHHUC CIICAYCT 3aIlIMCATh TAK:
I[MpaBUly YMHOXCHHUS MHOT'OYJICHOB.
202, = (1-0(3+60=1.3-1 341 6i—i 6i=3-F+6i +6=9+3%

MousitHo, uro ~ ¢ 8 == =-6-(=1)=+6

I[e.]'leHI/le KOMILVICKCHBIX YHUCEJ
o

zi=13+1 z,=7-6

3] =z
ITpumep 4 J[aHbI KOMIUIEKCHBIE YUCTIA . Haiitu yactHoe 2.

CocTaBUM YaCTHOE:
zp 1343

I[GJ'IGHI/IG YUCCII OCYIICCTBILCTCA MCTOAOM YMHOXKCHHUS 3HAMCHATCIIA U
YUCJIUTCIIA Ha COIIPAKCHHOC 3HAMCHATCIIIO BBIPAKCHUC.

(a—Bia+b)=a” —b*

Bcenomunaem 6opoaaryro ¢popmyity Y CMOTPHM Ha

HalI 3HaMeHaTelb: ¢~ 5 . B sHamenarene yxe ects &%)

(c+&)

, IOOTOMY COIIPAKCHHBIM

BBIPAKCHUEM B JAHHOM CJIy4ae SIBISETCS , To ecTh ¢ t% CormacHo mpasuiy,
3HAMeHATelb Hy)KHO yMHOXKHUTh Ha '+ | 1, 4TOOBI HUYEro HE U3MEHWJIOCH, JOMHOKHTD

YUCJIUTECJb HA TO K€ CaMO€C UUCIIO T+& .
z,  (13+8)(7+6i)

zz =80+ anee p qucauTene HykHO PACKPHITH . A B 3HAMEHATENE

— 2 _p2 .
BOCIIOJIB30BaThCA (POPMYIION (@—&)a+ib)=a” -5 (MOMHMM, yroi =-1 )
zp  (I340(7+68)  91+Ti+7%+68° 91+ +78 -6
z,  (7—6&)(7+6i) 7 - (6 49 —(-36)
85+8% 85+8%
= = =1+i
[Monpobn #3+3% 25




1

F =
[Ipumep S JZ[aHO KOMIUIEKCHOE YHCIIO NERS . 3anucarhb JaHHOE YHCIIO B
anre6pauueckoii popme (T.e. B popme @ +5) IIpuém TOT ke caMblii — yMHOKAEM
3HAMEHATEIb U YUCIUTEID HAa COMPSKEHHOE 3HAMEHATENIO BeIpakeHrne. CHOBa CMOTPUM

Ha hopMmyITy (a—bia+b)=a" —b* {a+b)
N YUCJINTCIIb HY)KHO JOMHOKHUTD Ha COIPAKCHHOC BBIPAKCHUC (ﬂ _b) , TO €CTh Ha "E —i .

1 3 SEoio B-i BB 3

. B 3HameHartene YKC €CTb , IOOTOMY 3HAMCHATCJIb

NE

B+ (BB GBr-6F 3+1 4 4 4

:C Imz

MonyneM KOMILIEKCHOI'0 YHMCJIA £ HA3bIBACTCS PACCTOSIHUE OT HayaJla KOOpAUHAT 10
COOTBGTCTBYIOHIGﬁ TOYKH KOMIIJIEKCHOM MIOCKOCTH. HOHpOCTy roBops, MoaAyJb — 3TO
AJIHHApaJnyC-BCKTOPA, KOTOpBIﬁ Ha YCPTCIKE 0003HaUYCH KpaCHBIM LIBETOM.

Moaynb KOMIUIEKCHOTO YKclia £ CTaHAapTHO 0003HAYAIOT: F| Wi -
[To Teopeme Iudaropa nerko BeiBecTr HOPMYITy AT HAXOXKIECHUS MOAYISI KOMIUIEKCHOTO

. |Z| =Ja’ + 5
qycna: :
Conepxanne nNpakTHYECKO padoThl

3aganme: 1. BRIUHCIUTD CyMMY KOMIUICKCHBIX YHCEIT: Z1+Z,-? 21=2+31 Z,= 4-61; ;=15
Z,= -3i; 21=2-41 z,=2.

2.BBIUHCIUTD Pa3HOCTh ITUX JKE YUCE.

3.BBIYUCIUTH IPOU3BEACHHUE ITUX JKE YUCEII.

4. Beraucauts 21/2, U Z,/Z1 3THX e Yncen.

Ilpaxmuueckasn paboma Ne2?2
Tema: J1eMeHTHI TEOPUM BEPOSITHOCTEIA.
ean: chopMupoBaTh yMEHHUE pPeIIaTh 3a/1a4l Ha HAXOXKICHUE BEPOSTHOCTEH
TeopeTndeckue cBeJleHUs K MPAKTHYECKOM padoTe

Knaccuueckoe onpedejzeHue eeposamHocmu



Pazgen MaremaTuku, U3y4YalIIMi 3aKOHOMEPHOCTH CIIYYalHBIX COOBITHH,
Ha3bIBACTCSl TEOPUEH BEPOSTHOCTEH.

BepositHocthto P(A) coObiTusi A B HUCHOBITAHHUM C  PaBHOBO3MOXKHBIMU
AJIEMEHTAPHBIMU  HUCXOJaMU  Ha3bIBAIOT  OTHOIIEHHE  YHC]Ia  HUCXOAO0B m,

6JIaFOHpI/I$ITCTByIOH_[I/IX COOBITHIO A, K YHUCITY N BCE€X UCXOO0B UCIILITAHU.
m
P(4) = —
mn

IIpumep 1: B naptumn u3 30 MmukcepoB 2 OpakoBaHHbIX. HaliTH BEpOSITHOCTh KYIUTh
UCITPAaBHBI MHUKCED.
n=300m=30—-2=28
28 14
30 15

AKCHOMBI BEPOSITHOCTEN:

Kaxxnomy coObITHIO A TIOCTaBIEHO B COOTBETCTBHE HEOTpHUIIATENIbHOE unuciio P(A),
Ha3bIBAEMOE BEPOSITHOCTHIO COOBITHS A.

Ecim COOBITHSI A, A, .. oTmapHo HECOBMECTHBI, TO
P(A1+Ax+...)=P(A1)+P(Ax)+...

CaolicTBa BEpOSITHOCTEH:

BeposTHOCTh HEBO3MOXKHOT'O COOBITHS paBHA HYIIO P=0.

BeposiTHOCTB T0CTOBEpHOTO COOBITHS paBHa equHuIe P=1.

BeposTHOCTh MPOU3BOIBLHOTO CIyYaliHOTO COOBITHS A 3akitodaeTcs Mexay 0 u 1:
0<P(A)<I.

Ilpumep 2: N3 34 sKx3aMeHaIIMOHHBIX OHWJIECTOB, MPOHYMEPOBAHHBIX C ITOMOIIBIO
gyucen oT 1 mo 34, naynmauy wusBiekaeTcs oauH. KakoBa BEpOATHOCTb, YTO HOMEDP
BBITSIHYTOT'O OMJIETa €CTh YUCJI0, KPATHOE TPEM.

Pewenue: Halinem xonuyectBo uncen oT 1 g0 34, kpaTHBIX TpeM. DTo uncia 3, 6, 9,

12, 15, 18, 21, 24, 27, 30, 33. Bcero Ttakux uucen 11. Takum oOpazom, mckomas

BCPOATHOCTL p = %

CobObiTiss A u B Ha3pBaloTCI COBMECTHBIMH, €CIM OHHM MOTYT OIHOBPEMEHHO
MPOU30MTH, U HECOBMECTHBIMHU, €CIIM MPU OCYIIECTBICHUHU OJHOTO COOBITHUSI HE MOXKET
MPOU30UTH JPYTOE.

CoObiTst A 1 B Ha3bIBaloTCs HE3aBUCHUMBIMHU, €CIM BEPOSITHOCTh HACTYILJICHUS

OJIHOTO COOBITHUSI HE 3aBUCHUT OT TOTO, IPOU30ILIO IPYroe COObITHE UITU HET.



BeposTHOCTH CyMMBI JIByX COBMECTHBIX COOBITHII paBHa CyMME€ BEPOSATHOCTEH
cnaraembix 0e3 BepositHocTH nipousBenenus: P(A+B)=P(A)+P(B)-P(AB)

IIpumep 3: BeposTHOCTh nopaxeHus onHor muiienu — 0,7, a apyroi — 0,8. Kakosa
BEPOSITHOCTh, YTO OyAeT MOpa)keHa XOTs Obl OJHA MHILIEHb, €CIM MO HHUM CTPENSIOT
HE3aBUCHMO JIpYT OT Apyra.

Pewenue: T.x. coObITHS COBMECTHBI, TO p=0,7+0,8-0,7-0,8=1,5-0,56=0,94

BeposTHOCTH CyMMBI JIByX HECOBMECTHBIX COOBITHI paBHa CyMME BEpOSITHOCTEU
cnaraembix: P(A+B)=P(A)+P(B).

P(A)+P(4)=1

VYcnoBHAsE BEpOSITHOCTh — BEPOSITHOCTD OJTHOTO COOBITHSA, MPU YCIOBHUH, YTO JIPYToe
COOBITHE YK€ TIPOU30LLIO.

BepositHocTh npou3BenieHus coObITuii A 1 B paBHa mpou3BeeHUIO BEPOSITHOCTH
OJIHOTO W3 HHUX Ha YCIOBHYIO BeposiTHOCTH Apyroro: P(AB)=P(A)-P(A/B) wunu
P(BA)=P(A)-P(B/A)

BeposiTHoCTh mpou3BeneHHs] JABYX HE3aBUCUMBIX coObiTuii A u B paBHa
MpOU3BEJCHUIO BeposiTHOCTEM comHoxureneii: P(AB)=P(A)-P(B).

Ilpumep 4: B nByx KopoOKax JiekaT pPydKu pa3HoOTro IiBeTa. B mepBoit kopobke — 4
KpacHBIX M 6 YEepHBIX, BO BTOPOU — 3 KpacHBIX, 5 CHHUX U 2 4epHbIX. U3 006enx KopoOok
BBIHUMAIOT MO OJJHOU pyuku. HailTh BEpOSTHOCTB, UTO 00€ PyUYKH KpacHBIE.

Pewenue: Halinem BEpOSTHOCTH BBITAIIMTH KPACHYIO PYUKY U3 KaXI0H KOPOOKH

n, =10
m =4

4
P, = E
n, =10
m, =3

3
P, = E

Toraa BEpoSTHOCTH TOTO, YTO 00€ PYYKHU KPaCHBIE: pP=p,- P, = %% = % =0,12

Conep:xanne NpaKTHYeCKOi padoThl

3ananme: Vcnonp3ys KIacCHYECKOE OMpPENEICHUE BEPOSITHOCTU COOBITHS, PEIIUTh

CICAYIOIMUEC 3aJa49M:



1. B kopoOxke 4 kpacHBIX, 5 3€J€HBIX, 8 KeNThIX, 7 Oenbix U 1 uepHsbIil map. Halitu
BEPOSITHOCTh BBITAIIUTh: KPACHBIM IIap; CUHWM Map; Oenblid IIap; [BETHOW IIap; WU
3€JICHBIN UK OEJIbIi 11ap; He KPacHBIH 11ap; map 0JHOr0 U3 IBETOB cBeTO(dOpa.

2. B cembe — nBoe nereil. KakoBa BEpOATHOCTB, YTO CTaplInii peOEHOK — JE€BOYKA,
€CJIN U3BECTHO, YTO B CEMBE €CTh JETH 000€ero nojua?

3. Macrep, umes 10 neraneid, u3 KOTOpbIX 4 — HECTAHAAPTHBIX, MPOBEPSIET AETAIH
OJHY 3a ApYroi, moka emMy He momajercs cTa”jgapTtHasd. KakoBa BepOATHOCTb, YTO OH
IIPOBEPUT POBHO JIBE AECTAIU?

4. B onHoM fmuke 3 OeibIX U 7 YepHBIX IIApOB, B JIPYroM siuke — 6 Oenbix u §
YyepHbIX mapa. HailTu BeposSTHOCTH TOTO, 4TO XOTSI Obl U3 OJHOIO SIIIUKAa OYJIET BBIHYT
OeibIil 1ap, €CM U3 KaXA0ro SIIMKa BRIHYTO 110 OJTHOMY ILIapy.

5. UBpaTenbCcTBO OTHPaBUIIO Ta3eThl B TPU TMOUYTOBBIX OTHAENICHHS. BeposTHOCTH
CBOEBPEMEHHOM TOCTaBKM Ta3eT B nepBoe otAeneHue pasHa 0,9, Bo BTopoe - 0,7, B TpeTbe
- 0,85. Haiit BepOSITHOCTh CIEAYIOIINX COOBITHI:

a) TOJILKO OJTHO OTJICJICHUE MOJYYUT ra3eThl BOBPEMSI,
0) X0Ts ObI OJTHO OTAEJICHUE MOTYYUT T'a3€Thl C ONO3AaHUEM.

6. B nepBoii ypHe Haxonarcs 12 6enbix U 4 YepHBIX 11apOB, @ BO BTOPOM 5 OesbIX U
10 yepHsIX mapos. M3 kaxqoil ypHBI BbIHYJIM IO mapy. KakoBa BEpOSITHOCTH TOrO, YTO
o0a mapa okaxxyrtcs yepHpIMU? KakoBa BEpOsSTHOCTB, UTO 00a 11apa OKaxyTcs OenbiMu?

7. B maptumn u3 25 neranei HaxonmaTrcs 8§ OpakoBaHHBIX. BBIHUMAIOT U3 MapTUH
Haynauy nBe Aetanu. OnpenenuTs, KaKoBa BEPOSITHOCTh TOTO, YTO 00€ AT OKaXKYyTCS
OpakOBaHHBIMU.

8. IlonOporieHsl 1Be UTrpabHbIe KOCTH. HaliTh BEpOSATHOCTH COOBITHS A TOTO, YTO
BBITA/IET XOTS ObI OJTHA IIECTEepKA.

9. HaliTu BeposSTHOCTh, YTO TNpU OpPOCAHUM HUTPATBHOW KOCTH BBHINAIET YHCIIO,
6ombiee 4.

10. HaiiTu BeposSITHOCTh, YTO MPU OPOCAHUM UTPATBHON KOCTH BHIAAET YMCIIO, HE
MeHbIee 2 1 He Ooubliee 5.

Ilpaxmuueckasn paboma Ne23
Tema: BoluuciieHre MOJHON BEPOSTHOCTH.
Heanb: chopMupoBaTh yMEHHE peniaTh 3aJja4l HA HAXOXKEHUE TTOJTHOW BEPOSTHOCTH.

Teopernuyeckue cBeieHUs K MPAKTHYECKOM padoTe

lonnas eepossimnocmo. ©opmyna baueca



Ecau coObiTue A MOXET MPOU3OUTH TOJBKO MPHU BBIMOJHEHUH OJHOTO U3 COOBITHI
Hj, Ha, ..., KoTOpBIE 00pa3yrOT MOJHYIO FPYIIY HECOBMECTHBIX COOBITUM, TO BEPOSATHOCTh
cOOBITHS A BBIUKCISETCS IO PopMyie

P(A) =p(H,)-p(A Hy) +p(H,) - p(A/ H,) +p(H,) - p(A Hy) +..
Ota popmyna Ha3bIBaeTCs (POPMYIIOM MOTHON BEPOSTHOCTH.

Ecnu BBIMONHSIOTCS BCE YCIOBUS, HUMEKOIIHE MECTO sl (POpMysbl TMOJTHOM
BEpPOSITHOCTHU, U P(A) =0, TO BBINOJIHSAETCS paBEHCTBO, Ha3biBaecMoe (hopmyioi baiieca:

H.)- _
o(H./ A) = P PAH)
P(A)
Ilpumep 1: B nepBoit naptuu 20 mamn, Bo BTopor — 30 mamn u B Tpetheit — 50
namil. BepostHocTH TOTO, 4TO TIpopabOTaeT 3aJlaHHOE BPEMsi, paBHA JIJIsl MIEPBON MAPTUH
0,7, nns Bropot — 0,8 u nnsa tperbeil maptuu — 0,9. KakoBa BepOATHOCTH TOTO, YTO

Hayjgady B3dTas Jiamna npopaboraer 3amaHHoe BpeMa? HallTu BeposiTHOCTb, UTO 3Ta
JaMI1a PUHAJIEKUT NIEPBOM MapTun?

Pewenue: Tlycte cobbiThe A — Haynmady B3dTas Jiamma npopaboTaeT 3aJlaHHOe
BpEMSI.

Torna, nycts Hy — mamnia u3 nepsout naprtuu, Hy — namna u3 sropoit naptuu u Hs —
namna u3 Tperseil naptuu. Torna coositue A/H; — naMmna u3 nepBoil mapTuu npopadboraer
3ajaHHoe Bpemsi, A/H, — namna u3 BTopoii naptuu npopadoTaer 3ajanHoe Bpems U A/Hj —
JamIma U3 TpeTbel mapTuu npopadoTaet 3aaHHoe Bpems. Haiinem BeposiTHOCTH

n=20+30+50=100

- 0,2
p(H) = 100

- 0,3
p(H,) = 100

— — 15
p(Hy) = 100

P(A/H,)=0,7

P(A/H,)=0,8

P(A/H,)=0,9

P(A) =p(H,)-p(A/ H,) +p(H,)-p(A/ H,) +p(H,) - p(A/ Hy) =
=0,2-0,7+0,3-0,8+0,5-0,9=0,14+0,24+0,45=0,83

Teneppb, ucnons3ys popmyny baiieca HaiiieM BEepOSTHOCTH TOTO, YTO 3Ta JamIia
NPUHAJJICIKUT TIEPBOM MaAPTHUH

p(Hl) i p(A/ Hl) _ 0,2-0,7

P(H./A) = p(A) 0,83

~ 0,169

llpumep 2: Nmerotcs 3 onuHakoBbie ypHBL. B nepBoil ypHe HaxoasTcss 5 Oenbix u 7
YEpHBIX I1aPOB, BO BTOPOMl — TOJBKO Oeible U B TpeThed — TONbKO uepHble. Hayran
BBIOMpPAIOTCS] YpHA U U3 HEe M3BJIEKaeTcsl oJiuH map. KakoBa BEpOSITHOCTh, UTO 3TOT IIap
Oenblii?



Pewenue: Ilycts coObiTHE A — M3BIIEKaeTCs OBl map.

Torna, nycts Hy — map u3 nepsout ypHsl, Hy — map u3 Bropou ypHsl U Hz — map us
TpeTbeil ypHbl. Torna codsitue A/H; — 6enblii map u3 nepoid ypubl, A/H, — Oenblii map
u3 BTopoil ypHbsl 1 A/H3 — Oenblii map u3 tperbed ypHbl. Haiinem BeposTHOCTH

p(Hl) =
p(Hz) =

p(Hy) =

Wik Wik Wik

5
A/H)=—
P(A/H,) B

P(A/H,) =1
P(A/H;) =0

P(A) =p(H,)-p(A/H,) +p(H,) - p(A H, ) +p(Hy) - p(A/ H) =
15 1,1, 5 1_17

373773 3 36

31

Conep:kanne NpakTH4YeCKOM padoThI
3aganue: Vcnonb3ys Gpopmylibl MOJHOM BeposiTHOCTU U balieca, pemuTh cieayome
3a/layu:

1. meroTcst 2 onuHakoBble YpHBL. B mepBoii ypHe HaxoasTcst 7 6enbiX U 3 4epHBIX
IapoB, BO BTOpoll — 6 Oenbix u 4 uvepHbiX. Hayranm BeiOMparoTcss ypHa W W3 Hee
U3BJIEKaeTCcsl OJWH I1ap. BeiOpaHHbINM 1map oka3zasics yepHbIM. KakoBa BEpOSITHOCTB, UTO
ATOT 1Iap U3 2 ypHbI?

2. Jletanmu, WM3roTOBISIEMBIE II€XOM 3aBOJA, MOMAAAIOT [JIi TPOBEPKH HX Ha
CTaHJAPTHOCTh K OJHOMY U3 JIByX KOHTPOJIEPOB. BEposITHOCTH TOr0, YTO AETaNb MOMAIET
K nepBomy koHTpoisiepy =0,5, ko Bropomy =0,6. BeposiTHOCTh TOT0, YTO TOJHAs JI€TAJIb
Oyner mpu3HaHa CTaHAAPTHOM MepBbIM KoHTposiepoM =0,94, a BrOopeiM =0,92. I'omHas
JeTallb TPU TPOBEpKe Obla MpU3HAHA CTaHAAapTHOW. HaliTu BEpoOsSTHOCTH TOTO, YTO 3TY
JeTaab IPOBEPUII MEPBBIA KOHTPOJIEP.

3. Nmeetcst aBa Habopa neraneil. BeposTHOCTH TOTO, YTO JE€Taidh MEPBOTO HaOOpa
crangaptHas paBHa 0,9, a Broporo — 0,8. HaliTu BepOATHOCTh TOr0, UTO B35iTas HAayJaudy
neTaiab — CTaHAapTHasl.

4. Nmerotest 3 olMHAKOBBIE YpHBI. B nepBoil ypHe HaxoaaTcst 6 CHHUX U 4 YepHBIX
IapoB, BO BTOPOM — TOJILKO CUHHME U B TPEThEW — TONBKO uepHble. Hayran BoiOuparoTcs
ypHa U U3 Hee U3BJieKaeTcs oJuH map. KakoBa BepOsITHOCTb, YTO 3TOT IIap CUHUI?

5. Nmetotes 2 oguHakoBbie ypHBL. B miepBoii ypHe HaxoasiTcst 7 OenbIX U 3 YepHBIX
mapoB, BO BTOpoil — 6 Oenbix u 4 dyepHelx. Hayram BwIOMparoTCs ypHa U U3 Hee
M3BJICKAeTCS OAWH Iap. BeiOpaHHbI map okazancs yepHbIM. KakoBa BEpOSTHOCTB, YTO
3TOT Wwap u3 1 ypHsr?



Ilpaxmuueckas paboma No24
Tema: ®opmysa bepHy/In.
Hean: chopMupoBath yMeHHUE pemiaTh 3aj1a4yd ¢ MoMoIibio (Gopmyinsl beprysiu.

TeopeTnueckue cBeeHUs K NPAaKTHYECKOM padoTe

@opmyna bepuynnu
1) BeposATHOCTH TOr0, 4TO COOBITHE A HACTYIHMT POBHO M pa3 MpH MPOBEACHUH N
HE3aBHCUMBIX HCHIBITAHUM, KaXKABIM M3 KOTOPBIX MMEET POBHO JBAa HMCXOAa

BbIUKcsieTcs o popmyne bepuymmu P,(m)=C p"(@-p)"",m=0,12,...,n

Ilpumep 1: BeposTHOCTH BBIMTPHIIIA MO OJHOMY JIoTepeitHoMYy Ounety paBHa 0,2.
Haiitu BeposiTHOCTB, YTO U3 6 TPHUOOPETEHHBIX OMIIETOB 2 OKaXKYTCS BHIMTPBILIHBIMHU.

Pewenue:
p=0,2
n==6

m=2

m .m n-m 2 2 6-2 6' 4
P (m)=CJ p"(A-p)"" = C{0,2°(1-0,2)"" = —-0,04-0,8' ~ 0,246

2) BeposITHOCTh HACTYIJICHHSI COOBITUS A XOTs Obl OJWH pa3 MPH MPOBEICHUH N
HE3aBHCHUMBIX HCIIBITAHUN, YAOBIETBOPSIOIIUX cxemMe bepHymmm, paBHa

n
P(m>1)=1-q",q=1-p
Ilpumep 2: TlpuGop COCTOUT U3 IIECTH JIEMEHTOB, pabOTAIOIMINX HE3aBUCUMO JAPYT
ot aApyra. BeposaTHocTh 6€30TKa3HOM pabOTHI KaXJI0T0 JIEMEHTA 3a ONPeIeICHHOS BpeMs

paBHa 0,6. Jlns Oe3oTkazHoi paboThl mpubopa HEOOXOAMMO, YTOOBI XOTS OBl OJWH
aneMeHT Obul1 ucrpaBeH. KakoBa BepOSTHOCTh, YTO 3a JaHHOE BpeMsl mpudbop OynaeT

paboTaTh 6€30TKa3HO?
Pewenue:

p=0,6= =04

n=6

m>1

P,(m>1)=1-0,4° ~0,9959

3) BeposdTHOCTh HACTYIICHHUS COOBITHS A XOTS Obl OJMH pa3 MpH MPOBEACHHUH N
HE3aBHCUMBIX HCHBITAHHUM, YIOBJIETBOPSAIOIINX cXeMmMe bepHyium, HACTyNnuT He

My
MeHee My 1 He 6osiee My pa3 BeIUUCHAeTcs 1Mo Gpopmyne P (m, <m<m,)= Z P.(m)
my

Ilpumep 3: HaliTu BEPOSITHOCTHh OCYIIECTBJIEHUS OT JBYX 10 YETHIPEX Pa3rOBOPOB

10 TeJ'ICCI)OHy Inpu Ha6JHOI[eHI/II/I IIATH HC3aBUCHUMBIX BbBI3OBOB, €CJIM BCPOATHOCTH TOI'O, YTO

pas3roBop coctouTcs, pasHa 0,7.



Pewenue:
p=0,7
n=5
2<m<4
R(2<m<4)=CZ0,7°(1-0,7)°*+C:-0,7°(1-0,7)**+C{-0,7*(1-0,7)** ~ 0,801

4) HauBeposiTHeWIee 3HA4YeHUE My YKCIA HACTYIUIGHUS COOBITHS A 1pH
IIPOBEAECHUU N MMOBTOPHBIX HE3aBUCHUMBIX MCIIBITAHUN, YIOBJIETBOPSIOIINX CXEME
np—g<m,<np+p

bepnysn, Beruucnsercs no gopmyie np—(1-p)<m, <np-+p

Ilpumep 4: Marazun nonyuun 50 neranei. BepossTHOCTh HamuuMsi HECTAaHIAPTHOU
netanu B maptuu pasHa 0,05. Haiitu Hanbosnee BeposITHOE YMCIIO HECTaHAAPTHBIX JieTajel

B IIapTHUH.

Pewenue:

p=0,05

n =50

my, —?

g=1-p=1-0,05=0,95
50-0,05-0,95<m, <50-0,05+0,05
1,55<m, <2,55

m, =2

Conep:kanne NpakTU4ecKoOi padoTsbl
3aganme: Vcnons3ys hopmyny bepHysim, pemuTh cieayromme 3a1aun:

1. BepoATHOCTbh TOTO, YTO PACXOJ 3JIEKTPOIHEPIUU HA MPOJOJIKEHUH OJHUX CYTOK HE
MPEBBICUT YCTAHOBJIEHHOW HOpMBI paBHa (,75. HaliTu BeposSTHOCTH TOrO, YTO B
Onkaime 6 CyTOK pacxol AIEKTPOIHEPTUU B Te€UEHUE 4 CYTOK HE TIPEBBICUT HOPMBI.

2. HaifTu BepOATHOCTH OCYIIECTBJICHUSI OT OJHOTO JI0 TPEX Pa3rOBOPOB IO TeiaehOoHY
npu HAOMIOEHWH IIECTH HE3aBUCUMBIX BBI30BOB, €CIHM BEpPOSTHOCTH TOTO, YTO

pasroBop coctoutcs, pasHa 0,6.

3. TlpubGop cCOCTOMT W3 MATH 3JIEMEHTOB, BKJIIOUEHHBIX B IIEMb MapajuIeIbHO H
paboTaromux He3aBUCUMO JIPYT OT Apyra. BeposTHOCTH 6€30TKa3HOM pabOThI KaXa0Tro
anemenTa 3a Bpems T paBua 0,5. [lns Oe3aBapuitHOM pabOTHI mpuOOpa JOCTATOUHO,
9TOOBI XOTSI OBI OJTMH AJIEMEHT ObLT UcTipaBeH. KakoBa BEpOSITHOCTh TOTO, YTO 33 BpEMS
T mpubop O6yner pabortaTs 6€30TKa3HO?

4. BeposTHOCTH BBIMTpBHIIIA 1O OJHOMY JioTtepeiiHoMy Owmnery =0,3. KakoBa
BEPOSITHOCTh TOTO, YTO W3 CEMH NPHOOPETCHHBIX OWIETOB TpH OWMIIETa OKaXyTCS

BLII/IFpBIH_IHBIMI/I?



5. Marasun nonyuun 40 neraneil. BeposSTHOCTh HaM4YMs HECTAHIAPTHOW AETald B
naptuu paBHa 0,04. Haiitu HanOonee BEpOSITHOE YMCIO HECTAHAAPTHBIX JETajed B
3TOM MapTHUHU.

6. BepoATHOCTh M3rOTOBIEHUS HA AaBTOMAaTUYECKOM CTAHKE CTAHAAPTHOW JI€Talld PaBHA
0,8. Haiins BepOATHOCTH BO3MOKHOI'O YMCJIA MOSBIECHUS OpaKOBaHHBIX J€Talei cpenu
5 oTOOpaHHBIX, HAUTH HAUBEPOSITHEWIIIEE YUCIIO TOSBICHUS OpaKOBaHHBIX JleTallel U3
5 oTOOpaHHbBIX, YKa3aB €ro BEpPOSTHOCTb.

7. CKOJIBbKO pa3 HEOOXOAUMO MOJOPOCUTH UTPATIbHYIO KOCTh, YTOOBI HAMBEPOATHEHIIEE
BbINIaICHUE TPOilku ObLIO paBHO 107

8. JlJi1 JaHHOTO y4aCcTHUKA UTPhI BEPOSTHOCTb HAOPOCUTH KOJBIO HA KoJblmek =0,3.
KakoBa BEpOATHOCTb TOT0, UTO MPHU HIECTH OpOCKax 3 KOIbla OKaXXYTCS Ha KOJIBIIIKE?
9. Ha camonere umeroTcss 4 OAMHAKOBBIX [BUTaTeNs. BepoATHOCTH HOpMalbHOMN
paboThI KaXkI0T0 JIBUraTes B mosiete paBHa p. HailTu BepoATHOCTh TOTO, YTO B MOJIETE
MOI'YT BOBHUKHYTb HEIOJIAIK B OJTHOM JBUTaTelIE.

10. BeposiTHOCTB OTKa3a Kaxa0ro npubopa npu ucnbiTanuu pasHa 0,4. Uto BeposiTHee
OKUJATh: OTKa3 JIByX NpUOOPOB MPHU UCIBITAHUU YETHIPEX WUIIM OTKa3 TpeX MpuOOpoB
IPU UCTIBITAHUY IIECTH, €CTTU MPUOOPHI UCIBITHIBAIOTCS HE3aBUCUMO JIPYT OT Jipyra?

IIpaxmuueckasa paboma Ne25
Tema: Pemienne 3aaa4 ¢ peaJbHbBIMU IMCKPETHBIMHU CJIY4YailHBIMH
BEJIMYUHAMM.
Heab: chopmupoBaTh yMeHHME pellaTh 3aJaud HAa HaXOXKJIEHHE MaTeMaTHYeCKOIo
OKHJAQHUs, JUCIIEPCUM U CPEHETO KBaJAPAaTUYHOIO OTKIOHEHHUS.
TeopeTnueckue cBeIeHUs K MPAKTHYECKOH padoTe

Jluckpemnas cnyyaunas eauduna u ee Yucio8ble XapaKkmepucmuxu

Cnyyaiinas BennunmHa X — 3To uucioBas (yHkuus X = f(w ), onpeneneHHas Ha
POCTPAHCTBE DJEMEHTApHBIX COOBITUN. CryuyaliHble BEJIWYMHBI, UMEIOIIUE CUETHBIC
MHO>KECTBAa BO3MOKHBIX 3HAUYCHUW, HA3BIBAKOTCS AUCKPETHBIMHU. J[MCKpeTHas ciydaiiHas
BEJIMYMHA OIIPEJEIICHa, €CJIM H3BECTHBI BCE €€ 3HAYEHUsS M COOTBETCTBYIOIIUE UM
BepOSATHOCTU. COOTHOUIEHUE MEXKAY BO3MOXKHBIMU 3HAUCHUSIMHU CIIyYalHOW BEJIIMYHUHBI U
COOTBETCTBYIOIIMMH WM BEPOSTHOCTAMHU HA3bIBAIOT PACHPEICICHUEM BEPOSITHOCTEN
CJIIy4ailHOM BEJIMYUHBI. J[JIsI TUCKPETHOMN CIIy4aliHOM BEJIMYMHBI 3TO COOTBETCTBUE MOXKET

n
OBITH 3aIIMCAHO B BHUJIE TAOJIUIIBI: Z p, =1
i=1

Xi X1 X2 ... Xn

Pi P1 P2 Pn




MaremaTudueckuM OXHUAaHUEM (CpPEHMM 3HA4€HUEM) JHUCKPETHON chaydailHO#
BEJIMYMHBI X HA3bIBalOT CyMMY IIPOU3BEACHUM BCEX €€ BO3MOJKHBIX 3HAUYCHUM Ha

COOTBETCTBYIOIIINE UM BEPOSITHOCTH M (X) = in p;
i=1

Jluciepcueld TUCKPETHOW CIIydyalHOM BeJIWYMHBI X HaA3bIBAIOT MAaTeMaTHUYECKOE
OXMJAHHUE KBaJapara OTKJIOHEHHUs CIIyYalHOM BEIWYMHBI OT €€ MaTeMaTU4yeCKOro
oxkunanus D(X)=M(X-M(X))>. Jlucrmepcuss TUCKPETHOH CIydalHOW  BEJIHMUHHBI

BBIYUCIISIETCS 110 (hOpMYyIIaMm:
D)= (% ~m)’p,
i=1

D(X) =M (X*) = (M (X))’

CpenHuM KBaJpaTUYHBIM OTKJIOHEHHEM JIMCKPETHOM CIy4YailHOM BEIMYUHBI
HAa3bIBAIOT KOPEHb KBAJAPATHBIN U3 IUCIIEpcUU o (X) = w/D(X) .

Ecnu cnydaiinas BennurHa X uMeeT OMHOMUAIBHOE pacipeielieHue BepOsSTHOCTEMH,
TO

M(X)=np D(X)=npq

Ilpumep 1: Cnyyaitnas BenuumHa X 3a7aHa TaONUIEH pacmpeaesICHUs
BeposatHocTer. Haittu M(X), D(X), o(X).

Xj 2 5 8 9
pi 0,1 0,4 0,3 0,2
Pewenue:

M(X)=2-0,1+5-0,4+8-0,3+9-0,2=0,2+2+2,4+1,8=6,4
M (X?)=4-0,1+25-0,4+64-0,3+81-0,2 =458
D(X) :45!8_6a42 :4,84

o(X)=D(X) =/4,84 =2,2

Ilpumep 2: HailiTu mMaTeMaTUYECKOE OXKUJIAHHE W IHCIEPCHUI0 YUCIA JOTEPEHHBIX
OWJIeTOB, HAa KOTOPHIE BBHIMAAYT BBIMTPHINHM, eciau mnpuobpereHo 100 Owieros, a
BEPOSITHOCTD BBIMTPHIIIA Ha Kaxabli Omiet paBHa 0,05.

M (X)=100-0,05=5
Pewenue: D(X) =100-0,05-0,95=4,75

o(X)=D(X) = /4,75 =2,18

Conep:xanne nNpakTHYeCKOi padoThl

3ananme: HaiiTu ynciioBble XapaKTePUCTUKU JUCKPETHBIX CIy4YaiHbIX BEJIMYNH:

1. HaliTu maTeMaTH4ecKOE€ OXKUJIAaHHWE CIy4ailHOM BeMuuMHBI X, 3Has 3aKOH €€
pacnpeneneHus:
Xj 3 5 2
pi 0,1 0,6 0,3




2. BeposTHocTh TmOmazaHus B I1enb npu  crpenpdbe w3 opymus 0,6. Haiitu
MaTeMaTUYecKoe 0KHMJIaHHe OOLIEro yucia nomnajaHuid, eciu OyaeTr mpousBeneHo 10

BBICTPEJIOB.
3. Haititu nqucnepcuto ciiydailHOM BEJIMUMHBI X, KOTOpas 3aJaHa CIAEAYIOIIUM 3aKOHOM
pacrpenencHus:

Xj 1 2 5

pi 0,3 0,5 0,2
4. HaiiTu nucriepcuio ciay4yalHOM BeNIMYMHBI X, KOTOpas 3aJlaHa CJIEeAYIOUUM 3aKOHOM
pacrpenencHus:

Pi 0,1 0,6 0,3
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